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CocraBurens: kana. ¢pusz.mat. HayK, noreHT Hypyrnunosa U.H.

[IpuBenensl BapuaHThl 3aJaHUl KOHTPOJBHBIX pabOT [JIsi CTY/IEHTOB
3a094HOW (opMBI OOYYEHHS TI0O OCHOBHBIM TEMaM, COOTBETCTBYIOIINE
0a30BOMY YpOBHIO M3y4YCHUS TUCIUIUIMHBI «MaTtemaTuka» B 1-M cemectpe.
[IpuBeneHsl 00pa3iipl pelieHus: BCeX 3aJlaHnii, CHa0KEHHbIE HEOOXOAMMBIMU
TEOPETUYECKUMU CBEICHUSIMU.

BBEAEHHUE

Y4eOHO-METOIUYECKOE  TIOCOOME CONEPKUT HMHAWBUIYAJbHBIE 3aJlaHUs
KOHTPOJIbHOM pabOThI, BBIIOJHAEMON CTyJ€HTaMU 3a04HOM (OpMbI OOy4YeHHS B
1-M cemecTpe. TeMaTUKa 3aJaHHM OXBaTbIBAET BCE OCHOBHBIE pPa3Jebl
JUCHMIUIMHBL «MareMmatuka», usydaemble B 1-M cemecTpe: nuHelHas anreopa,
BEKTOpHAas ajreOpa 1 aHAIUTUYECKAsi TEOMETPHSI, BBEJICHUE B aHAIH3

3ananus o Kaxaou Teme uMmeroT 20 BapuaHTOB, ITPaBUIIO BIOOpA BapUaHTa
nepel  3aJaHUsIMM  KOHTPOJIBHOM  paboTel.  IlpencrtaBneHbl  OCHOBHBIE
TEOPETUYECKUMH TOJIOKEHUSI U TOHSTHS, COOTBETCTBYIOIINE 0OAa30BOMY YPOBHIO
U3y4EHHUs TUCLUIUIMHBI, U MOAPOOHOE pelIeHne Bcex 3ajaHuil. Beibop TemaTnku
ocyuiecTBisuics Ha ocHoBe aHanu3a @I'OC BO B 6a30Boi moAroToBKE OakaiaBpoB
HanpasyieHus 15.03.04. Taxkke NpUBEIEH CNHMCOK TEOPETUYECKHX BOIPOCOB IS

IIOATIOTOBKH K 3K3aMCHY U pCKOMCHAYyCMasd JIUTCpaTrypa.



BAPUAHTBHI 3AJIAHUA KOHTPOJBHOM PABOTHI 1 CEMECTP
JUHEWHAS AJITEBPA, BEKTOPHAS AJITEBPA U
AHAJIMTUYECKASA 'TEOMETPUS, BBEAEHUE B AHAJIN3

ITPABHNJIO BBIBOPA BAPUAHTA

Homep BapuaHTa CTyA€HT BBIOMPAET COMIACHO NOPAIKOBOMY HOMEPY B KypHaJe
rpynnsl. Eciau nopsinkoBbsiii HOMep B KypHaie 0osblie 20, To HoOMEp BEIOMpaeTCs
CHayasa, T.€. IOPSAAKOBBIM HOMeEp 21 - HOMep BapuaHTa - 1, HOpsIAKOBBIN HOMED 22
- HOMEp BapUaHTa - 2 U T.J.

2a —3b ¢ 0
Baganme 1. JlaHbBl  MaTpHUIIBI A=|3a -6b 5c |, B=|2abc |,
5a —4b 2c 3abc

Xl
a 2b
C= , X=X, |
—d 3c
X3

a) [ToxcTaBuTh 3Ha4YeHUs mapameTpoB @, b, ¢, d u3 Tabmumbl 1 coriacHo
BapUaHTYy U 3amucath MaTpuilsl A, B, C.
6) Haittu matpuiry R=C*+2C" -3C™; A™.
B) Pemnth cucteMy ypaBHeHuil 4-X=B Tpemsi METOJaMHU:
no ¢opmynam Kpamepa; marpudnbiM MeToa0M; MeToaoM ["aycca.

Taoauna 1

Howep a b C d Howep a b C d
BapHWaHTa BapuaHTa

1 -1 1 -2 —4 11 1 2 -2 -3

2 2 -1 3 -1 12 1 2 -3 —2

3 1 3 -1 —4 13 3 —2 -1 2

4 -2 1 4 2 14 —2 3 -4 -1

5 -1 2 2 3 15 1 1 -5 -1

6 -3 2 1 -1 16 -1 -3 2 -1

7 -1 1 3 —4 17 3 -1 1 5

8 2 -1 -1 4 18 2 3 -1 -3

9 —2 -3 3 1 19 1 -1 -4 2

10 -3 3 -2 1 20 -4 1 1 3

3aganme 2. Bektopel @, @,, &, X3aJaHbl CBOMMHM KOOpDAMHAaTAMH B

KaHOHMYECKOM Oasuce {€, €,, & } (cM. Tabi.). Tpedyercs:



a) IOKa3aTb, 4YTO CHUCTEMa BEKTOpOB @&, &,,d, oOpasyer Oa3uc B
pocTpaHcTBe Rg;

0) 3amucarh MaTpHIly Mepexoja OT KaHOHHMYECKOoro 0Oasuca {él, g, és}

K Gasucy {a,, &,, &,} U PasNoXKUT BEKTOP X 10 ITOMY Gasucy.

Howmep — - = -
& d, dy X
BapHaHTa
1 2, 3, 2) (-1, 4, -1) -1, -2, 4) 4, 11, 9)
2 1, 2, 4) 1, -1, 1) (2, 2, 4) (-1, -4, -2)
3 3, 2, 2) (2, 3, 1) 1, 1, 3 (5, 1, 11)
4 1, 5, 3) 2, 1, -1) 4, 2, 1) (31, 29, 10)
5 1, 3, 4) (2, 2, 3) 1, 1, -2) (8, 10, 4)
6 5, 1, 4) -1, 2, 3) -1, 3, 2) (0, 14, 16)
7 1, 3, 2) (3, 2, 5) (-6, 5, -3) (12, -10, 6)
8 (2, 2, 3) 1, 2, 3) 1, 1,1 (3, 0, -2)
9 4, 2, 3) 1, -3, 1) (-2, 0, -2) (3, 2, -1)
10 1, 2, 1) O, 1, 1) 1, 0, 1) (5, 6, -3)
11 3, 2,-2) (3, -3, -1) 1, 1, -1) 5, 1, 4)
12 (2, 2, 1) 1, -3, 1) (-1, 0,-1) (3, -1, 5)
13 (2, 1,-1) (2, -3,0) 1, 1, -1) (6, -6, 3)
14 (1, 0, 0) (1, 1, 0) 1, 2, 1) (7, -1, -3)
15 4, 1,-2) (2, -3, 0) 3, 1, -2) (5, -6, 3)
16 3, 3, 1) 2, -2, 1) 2, 1, 1) 1, 0, 5
17 1, 1,1 1, -2, 4) (2, 2, 4) (-1, 0, 5)
18 1, 2, 0) 0, -3, 0) 2, 1, 1) (7, -1, -3)
19 (2, 2, 3) 1, 1, -2) 1, 3, 4) -1, 1, 0)
20 (-1, 4, 3) -1, 3, 2) 5, 1, 4) 1, -1, 1)

3aganme 3. DiemeHTbl MAaTPULBI Cyxs 38J1aHBI 10 BAPUAHTAM:

Howme H
oMep Howmep
Bagﬂa Caxs Bapua Cixs Bapua Cyxs
HTa HTa
HTa
1 4 3 21 1 2 0 -3 2 2 3 11 5 5
1 0o 1-1 -2 2 4 1 -1-3 1-3 v 1 1 5 2 3
2 9 5 2 4 2 -3 4 -5 2 3 2 8 4 5
2 7 7 6 0 9 -9 6-16 2 3 4 14 9 4
1 -1 2 4 1 1 -2-1 3 5 3 2 5 4 3
5 4 0 4 9 4 5 2 4-2 610 8 2 3 6 8 5
3 1 2 5 3 2 1 0 120 4 4 -4 -16 -8
1 3-2 31 -1 2 1 3-5 4 1 4 0 2




54 3 1 0 53 4 1 2 57 3 1 6

|12 1 42 o117 164|512 5 310
0 1.1 31 3 21 5 8 6 1 2 5 .2
4 7 4 4 5 2 1.6 4 2 3 5 2 2 4
55 3 1 5 54 3 6 8 25 2 3 1
3.7 3 1.1 10 5 5 915 2 4 1 2 3

1015 96 27| ¥ 421 2282 2 1 07
46 3 18 2 13 711 6 1 3 2 2
> 3 5 1 2 3 3 5 1 2 1 2 3 2 1
3 2 5 1 2 3 53 1.3 3 6 5 4 3

113 5 2 131 ® 351 33|¥ 1 2 7 4 1
3 5 1 23 0 2.2 0.5 > 4 2 3 3
35 5 1 3 51 1 2 3 T 1 0 3 1
2 3 1 5.3 6 3 2 4 5 1 1 2 1 0

12019 2 0 a3l |16 34 813 0|2 2 6 3 4
1.1 4 922 4.2 1 1 2 2 4 2 4 7
1 2 2 3 5 113 2 3
1 2 1 21 2 2 4 1 3

1317 23 513l ¥ |3 35 23
1 2 3 39 2 28 309

1. Cunras matpuny Cyxs MaTpunen ogHopoaHout cucteMsl C-X = 0, HaUTH
JUISL 3TOW CUCTEMBI:
a) pyHIaMEHTaJIbHYIO0 CUCTEMY PELLIECHU;
0) ol1iee pelnieHue;
B) KaKOe-HUOYb YaCTHOE PEIICHHUE.
2. Cunras marpunly Cyxs paCIIMPEHHOW MATPULIEH HEOJTHOPOAHOW CHCTEMBI
CX=C", rne C=(C"| C™), pemmts 5Ty cHCTeMy, MpPeABAPUTENLHO HCCIENOBAB €8
COBMECTHOCTh 110 TeopeMe Kponexkepa—Kanermm.

3ananue 4. [laHpl KOOpAMHATHI BEPIIVH TPEYTOJIbHON nupaMuibl 414,434,
(cm. Tab:.). TpeOyeTcs HalTH:

a) ITUHBI pedep A14, u A143;

0) yron mexy pedpamu A14, u A1A3;

B) IUIOIIAIb TPaHU A142A43;

r) 00bEM MUPAMU/IBI,

1) KAHOHMYECCKUE ypaBHEHHs TpsiMoit |, mpoxosiielt uepe3 Touku Ay U Ay,

€) ypaBHeHue mnockoctu I, mpoxosdieil uepes3 Touku Aq, Az, v As;

) yroil Mexxay npsimoii | u mockoctsio I1;

3) BBICOTY TUPaMUIbI.

Howmep Ay A, As Ay
BapHaHTa
1 1,2,1) 0, 2,5) (-1,3,1) (1,4,3)
2 (-1,-2,1) (-2,-2,5) (-3,-1,1) (-1,0,3)




3 0, 2,-1) -1,2,3) (-2,3,7) 0, 4,1)
4 (-1,2,0) (-2,2,4) (-3,3,0) (-1,4,2)
5 (2,2,3) (1,2,7) 0, 3,3) (2,4,5)
6 (2,-1,1) (1,-1,5) 0,0,1) (2,1,3)
7 (-1,1,-2) -2,1,2) (-3, 2,-2) (-1,3,0)
8 -1,2,1) (-2, 2,5) -3,3,1) (-1,4,3)
9 (-2,1,-1) (-3,1,3) (-4,2,1) (-2,3,1)
10 (1,1,2) 0, 1,6) (-1, 2,2) (1,3,4)
11 0,-1, 2) (-1,-1,6) (-2,0,2) 0,1, 4)
12 (3,0,2) (2,0,6) (1,1,2) (3,2,4)
13 (-2,-1,1) (-3,-1,5) (-4,0,1) (-2,1,3)
14 (1,-1,2) (0, -1, 6) (-1,0,2) (1,1,4)
15 (2,3,2) (1,3,6) 0, 4,2) (2,5,4)
16 (-1,0,2) (-2, 0, 6) -3, 1,2 (-1, 2,4)
17 (2,0,3) (1,0,7) 0, 1,3) (2,2,5)
18 (2,-1,2) (1,-1,6) 0,0, 2) (2,1,4)
19 (1,-2,1) 0,-2,5) (-1,-1,1) (1,0,3)
20 ©,3,2) (-1, 3, 6) (-2,4,2) 0,5, 4)

3ananme 5. Halitu ipenenbl, UCTIOIB3YS JIEMEHTapHbIE CIIOCOOBI
PacCKpBITHS HEOTIPEIEIICHHOCTEN WM NpaBuiio Jlonurars.

Homep lim %) lim ) lim 1)
BapuaHTa x>= ((X) % @(X) x>% (X)
3oy .
L a) lim 272‘ 3x-8. 5 lim X +x=20 |g) i 2siNX
xox 2X° +6X—11 X5 X2—25 X—0 e2>< -1
2 5 .
2 a) |m—9x J;ZX = 6) Iimﬂ; 8) 3 -1
e 1-4x" - 3X x5 X2 —2x —15 x>0 195X
lim x*—2x-1 lim 3x* +17x -6 21
3 9D X 1 ax -8’ 6) xos x2t2x—24" | lim I
i 2-X+6x° Iim2x2—9x+10_ & 4 X
4 9 SH0+2x—3¢ |60 x2  x-8 ' |® lim——"=.
x>0 SIN7X
3_
s |a im 2B s (g 32
DX +2x -1 3 X2—X—6 0 tgax
3
6 a) Iim—4§ +x2+2 o 16)  lim X+l 6) Iim—z_m.
Ko 2X° = 3X" + X x>-1x2 -1’ x>0 arcsin2x




_ 4X° +X+6 2
a lim——————; . X"=5X+4  |g) .. COSX—1
/ ) x>x X3 +8x% +1 0) Ix'mxz—_m ) lx'ﬂ(} P
2
s o imXr2eL ) "mlw; 6) i N+5%)
o>r 2243 o XT+5ox 14 =0 arctg3x
X3 +7x _IXP+8x+1 . e¥ -1
9 a gim—2 "% . limZ2 2272 1e)  lim———.
xox 3X° — 2X +1 %) o1 x° -1 -0 In(1+2x)
. 1+5%*—x* . 6X°—5x+1 . arcsinx
10 a) fim—>= """, lim 22272 16) Jim——".
x—>x 2x* —3x3 +1 2 x->1/3  3x—1 x>0 1+ x —1
. 5X*+3x-2 2 .
a) lim=—= = . XT=X—=2, . sin3X
- o 2x-1 o lim x2—4 ' ) IXILTgx?’+2x'
- X3—3X—8 2 H 3
a) lim—————; L OXT—4AX-1 | im 2resin 3x
12 o 2x2 +6X —11 0) lem 2 _5x+4 " 0 In(l+X)
lim X+ 2X X, jim X 12X+ 20, 4 1
13 a) 00 x* +5x—-1 ' 0) x>0 x2_9x—10 6) Iirrg _ .
x>0 Sin 2X
. x=3x 2 Qv 5x
14 | lim e 6) "mw; 6) lim®_ 1
x>1  X*+1 x=0 arctg X
T -TX+6 3
15 |9 lim—— % g aim XS e i 192X
FeXtEX 2 x% — X6 %01 COS X
Iimx“—2x2+x—3_ , _
16 a)  xom 27x3 +8x-5 6) Iim—5x _4X_1; 8) lim S”:]X ’
-1 x2 -1 x>0 arcsin 3x
_TIX*—-3x+4 2 _16 3tq2x
17 a) lim————j Iim—x ; &) lim g :
o 2 -9 2 x>4 X2 —_5X + 4 x>0 X
. X —3x° 2 .
a) lim———: . X" —=4x+4. | g ...arcsin3x
|7 e |0 InTomg |9 ISl
4
o |a P2 e g Jaex-2,
o X+ 2X+8 3 X —4x+3’ e
. 3x*+5x+1 2 _5y.6 1
20 |9 lm—F——— lim> X2 8) fim=—=
xox Bx* — 2% +3 0) lim Z_9 M inax

KPATKHE TEOPETHYECKHUE CBEJEHUA U OBPA3ELL
BBITIOJTHEHUS 3AJTAHUI KOHTPOJIBHOM PABOTHI 1 CEMECTP




Martpunsi. Onepanun ¢ Mmarpunamu. CuCTeMbI JHHEHHBIX

anreopanyeckux ypasHenuii (CJIAY)

Mampuyeri  pa3mepa MXN  Ha3bIBaeTCs  yNOPSAOYCHHAs  TaOJMIIA,
COCTaBJIEHHas M3 YHCEJ, paCloJOXXEHHBIX B M CTpokax Hu N crosdIax.
O6o03HauaroTcst Matpullel A, B, C 1 T. 1. DNEMEHT MaTPHIIbl, HAXOSAIIHICS B CTPOKE
C HOMepoM | U cToiliie ¢ HoMepoM j, obo3Hauaercs gjji. Eciim m = n, To Matpuna
Ha3bIBAETCS KBaJIpaTHOM MoOpsiaKa N.

Ilpouzeedenuem mampuyvl A Ha uucno A HazbiBaeTcsa Matpuiia C TOro e
pa3Mmepa, KaXIbIii 2JIEMEHT KOTOPOM paBeH IIPOM3BEACHHUIO COOTBETCTBYIOIIETO
AJIeMEHTa MaTpUIlbl 4 Ha YUCTIO A

C=r-A<=>g :kaij(i =1..m;j=1..,n).

Cymmou IByX Matpull A U B OIMHAKOBBIX pa3MepoB Ha3biBaeTcsi marpuua C
TOTO K€ pa3Mepa, JIEMEHThl KOTOPOH paBHBI CYMME COOTBETCTBYIOIIUX 3JIEMEHTOB
Marpuil A u B:

C=A+B<=¢; =3, +b;(i=1..,m;j=1..,n). 1.1

YMHOXEeHHE MaTpHllbl 4 Ha MaTpULly B onpeneneHo, Korjaa 4ucio CToJI00B
IIEPBOM MATPHUIIBI PABHO YHCIy CTPOK BTOpoW. Torma mpow3BeneHUEM MATPHUILIBI
A+« Ha MaTpuny Bi.n HaszpiBaeTCa MAaTPULA Crxn, K&KIBIA 2JIEMEHT KOTOPOH Cjj PAaBEH
CYyMME TPOW3BEICHUIA 3JIEMEHTOB I-i CTPOKM Marpuilbl A Ha COOTBETCTBYIOIIHE
3JIEMEHTHI |-TO CTOJIOIA MATPUIIbI B:

C=AB; <=¢;=q,-b;+a, b, +..+a,-b,(=L...m j=1..n). (1.2

W3 omnpeneneHuss NPOU3BEACHHS MATPHUIl 3aK/IIOYaeM, 4YTO OIEpalus
YMHOKEHHSI HE 00J1aJ1aeT CBOMCTBOM KOMMYTaTUBHOCTH, T.e. A-B=B-A.

Bo3BeneHnue kBaapaTHON MaTpullbl 4 B LENYIO MOJIOKUTEIbHYIO CTEHEHb

p(p >1): AP =AA-..-A.

pdag



Martpuueit, mpancnonupoganHoii K Matpuile A, Ha3bIBA€TCA MaTPUIIA,
oOpa3oBaHHAas U3 MaTPUILlbl 4 3aMEHON €€ CTPOK COOTBETCTBYIOIIMMHU CTOJOLAMHU.
T
TpancnionnpoBaHHast MaTpula K Mmatpune 4 o6o3HavaeTcs 4 .
Beskont kBaapatHoW martpuie A moOpsAaka N CTaBUTCA B COOTBETCTBUE
II0  ONpPENENIEHHOMY 3aKOHY HEKOTOpPO€ YHCIO0, KOTOpOE  HAa3bIBAeTCs
onpeodenumesnem TOTO ke NopsAaKka MaTpulbl A u 0003HavaeTcs 4]
Onpenenurens NEPBOro MOPSAKA PABEH CAMOMY YHUCILY.

Onpenenurens BTOPOTO MOPsAJIKa ONPEAEIIIETCS pABEHCTBOM:

ay &
azll a:z = ay,8y, —a,dy. (1-3)

OHp CACIIUTCIICEM TPCTHCTO ImopsaaKa Ha3bIBACTCA qHucCJIo, KOTOPOC

BBIYHUCTISICTCS 10 popMysie:

ay; ap, A
dy, Ayg ay; Ay ay; 8y,

Ay; Ay, Ayg| =3y —a, +ay, . (1'4)
Ag, Agg Ay, A3 Ay dgy

Ay Ay, Ay

Munopom »neMeHTa @ omnpenenuTens N-ro  IMOpsIKa Ha3bIBAETCS
ompenenutesib (N—1)-ro mopsaka, MOJYYSHHBIH W3 HMCXOJHOTO OMPEACITUTENs
MyTEM BBIYEPKUBAHUS i-1 CTPOKH U j-ro cTondna. O603Ha4aeTcst MHHOD Mi;.

Aneebpauveckum OononHenuem SIEMEHTA @jj ONPENENIUTEN HA3bIBAETCSA €ro
MHHOp, yMHOKeHHbIH Ha (—1)", T. e. Ay

A= (1) M,
rae Ajj — anreOpandyeckoe JOMOIHEHHE 2IEMEHTA dijj
®opmyiy (1.4) MOXKHO 3anTUCaTh TAKUM 00pPa30M:
8y A, A
8y 8y Bpg| =8y Ay +8p A, +a5A;.
a31 a32 a33

Eounuynoti Ha3piBaeTCs KBajJpaTHas MaTpulla Topsiaka N, y KOTOpou
AJIEMEHTHI TJIABHOW TUAroHal M dii, dzz, ... , dnn PABHBI 1, a OCTalbHBIE 2JIEMEHTHI

paBubl 0. Ilycte £ — eaunnunag marpuna. [Ipu ymHOXkeHnn marpunsl 4 Ha E

cJieBa WJIM CIipaBa nojy4daercs Mmatpuua A: AE = EA = A.



-1 o o
Matpuna 4~ Ha3bIBaeTcs oOpamuou K KBaapaTHON MaTpuue A, eciu
BBIMONTHSIOTCS yernopus: AA =AA=E.
OOparHast MaTpulla K KBaJpaTHOM MaTpule A CyLECTBYET TOrJa U TOJBKO

TOT/1a, KOT/Ia OTIPE/IeTUTEh MaTpUllbl A HE PaBEeH HYJIIO, T. €. |A| # 0. IIpu sTOM

_ 1, .
At=—(A), (1.5)
A
e A — MaTpulla, B KOTOPOH KaXIbIi 3JIEMEHT MaTpHIlbl A 3aMEHEH €ro

anreOpanyeckuM JOMOJIHEHUEM. Takas MaTpulla Ha3bIBACTCAd HPUCOCOUHEHHOU
K MaTpuue A.

Munopom nopsioka K matpuibl A Ha3bIBaeTCsA ONPEACIIUTENb THOpsiaka K
MaTpHIbl, COCTABICHHBIM M3 3JIEMEHTOB MATpPULbI A, CTOAIIMX HAa NEPECEeUYECHUU
IPOM3BOJILHBIX K CTPOK 1 K CTOJIOIIOB.

Paneom matpuiia Ha3pIBa€TCS YUCIO I, TAKOE, YTO BBITIOJIHSIIOTCS YCIIOBHSL:

1) cymecTByeT MHHOp TIOpsiiKa I, HE paBHBIN HYIIIO;

2) BCE MUHOPBI OOJIBIIETO MOPSIIKa, HAUYMHas ¢ (1), paBHBI HYJIIO.

Panr marpunpl 4 ob6o3Hauaercst (4). Panr MaTpuibl — 3TO0 HaUOOJBIIHIA
MOPSZIOK €€ MUHOPA, HE PAaBHOTO HYJII0. DTOT MUHOP HAa3bIBACTCS OA3UCHBIM.

DnemeHTapHbIe TPeoOpa30BaHUs, HE MEHSIOIINE paHTa MaTPHUIIbL:

1) mepecTaHOBKa CTPOK (CTOJIOIOB) MECTaMU;

2) TpaHCTIOHUPOBAHHE;

3) BbIUEPKMBAHHUE CTPOKH (CTOJIOIA), BCE DJICMEHTHI KOTOPO PaBHbI HYITIO;

4) yMHOYKCHHE KaKOW-JIMOO CTPOKH (CTOJIOIA) HA YUCIIO, OTIIMYHOE OT HYJIS,

5) npubaBieHHE K dJIEMEHTaM OJHON CTPOKHU (CTOJI0I1a) COOTBETCTBYIOIINX
AJIIEMEHTOB JIPYroil CTPOKH (CTONOIIa), YMHOKEHHBIX Ha JIF000E YHUCIIO.

PaccMoTrpum cuctemy M ypaBHEHUN C N HEU3BECTHBIMU:

8y X +8,X, +.F 8y X, =Dy,
A, X, + ayX, +...+ 8, X, =h,,
<

2n*n

(1.6)

A X +a,,X, +..+a,.X, =b

m*

O0603HauMM MaTpully U3 KO3()PHUIIMEHTOB MPU HEU3BECTHBIX:



Ay Ay - Ay
aZl a22 "'aZn

A= , €€ Ha3BIBAIOT OCHOBHOU Mampuyeu Cucmembl.
d, Ao Qo
b, X
b2 X2
B=| |— cronben cBOGOMHBIX UIeHOB, X =| | — CTOIOEL HEM3BECTHBIX,
bm Xn
ay A, .. 8, |b
a,, a,,..a, |b,
(A/B)=| 2 = — pacIIMpeHHAasi MaTPHIIA CHCTEMBI.
WO BNY- T | O

Cucremy ypaBHenuii (1.6) MOKHO 3anucaTh B MATPUYHOM BUJIE:
A-X=B. (1.7)

CoBokymHocTh yucen 0y, dy,..., dy, oOpamarmux Bce YpaBHEHHS CUCTEMbI
(1.7) B TOx’IECTBA, HA3BIBACTCS peuleHuemM CUCIEeMbL.

Cucrema ypaBHEHHMI cogmecmHua, €Clii OHa UMEET XOTs Obl OHO pEeLIeHHE,
U HeCO8MeCmHa, €CJIIM OHA HE UMEET PEIICHUS.

JIBe cucTteMbl ypaBHEHUH HA3BIBAIOTCS PABHOCUNbHLIMU, €CIA MHOKECTBA
VX PEUICHHUM COBIIAJAIOT.

DneMeHTapHble MpPeoOpa3OBaHMsl CHUCTEMbl YpAaBHEHUM, TNEPEBOJSALINE
€€ B PAaBHOCUJIBHYIO CUCTEMY:

1) mepecTaHOBKAa MECTaMH JIFOOBIX JIBYX YpaBHCHHIA;

2) yMHOXXeHHe O0euX dYacTei JIF000T0 ypaBHEHHS HA YHUCIO, OTIMYHOE
OT HYJIS;

3) npubaBieHHEe K OOCHM 4YacTsAM OIHOTO YPaBHEHUS COOTBETCTBYIOIIMX

yacTel ApYroro, yMHOKEHHBIX Ha OJTHO U TO K€ YHCIIO.



Cucrtema ypaBHGHHMU Ha3bIBaeTCI HeoOHOpoouou, ecomu  B#0, w

oonopoonou, ecmu B = 0.

Cucrema ypaBHEHHMM Ha3bIBACTCS ONpedeléHHOU, €CIIM OHa HMEET
CAMHCTBEHHOE pEILIECHUE, U HeonpeoenréHHou, €Cli OHa HMeeT OECKOHEUHOe
MHOKECTBO PEIICHUM.

HccnenoBanre cuUCTEMbl YpaBHEHHH Ha COBMECTHOCTb OCHOBAHO Ha
CIEYIOILIEN TEOPEME:

Teopema Kpounexepa—Kanennu. ]Jlns Toro, 4ToOBl CUCTEMa YpaBHEHUU
C N HEU3BECTHHIMH ObLIa COBMECTHA, HEOOXOJUMO U JOCTATOYHO YTOOBI paHT
MaTpUIlbl CHUCTEMBbI OBUI paBeH paHTy pACIIUPEHHOW MAaTPHUIbl CUCTEMBI,
T.e.r(4)=r(4|B)=r.

[Ipu sTOM:

1) eciu r = N, cucrema onpeeNeHa;

2) eciu r<n, cucteMa He OIpe/elieHa.

Paccmorpum cnenyromme Meronsl pemieHus CJIAY: meron Kpawmepa,
MaTpu4HbIi MeToH, meton Kopaana—I aycca.

Memoo Kpamepa

[IpumensieTcs il pelIeHUs] HEOAHOPOAHBIX CHCTEM N ypaBHEHUH C N

HCU3BCCTHBIMH, Y KOTOPBIX OIMPCACINUTCIIb OCHOBHOM MaTpuibl CUCTEMbI OTIIMYCH

OT HyJIs: A= |A| # 0.

Torna CUCTCMA NMCCT CIMHCTBCHHOC PCIIICHUC:

A A A
X ==Lt X, =—%,...,x =—", (1.8)
A A A
rae Aj — OIpenenuTenb, MOJYYEHHbIM U3 ONPEACIMTENS CUCTEMBI A 3aMEHOU

I-ro cTOJIOIa MAaTPHIIBI A CTOJIOIOM CBOOOHBIX YJICHOB B.

Mampuunstit memoo

[Ipumensiercs npu Tex ke yciaoBusix, uro u meton Kpamepa. Cronbery
HEU3BECTHBIX HAxoJHWM, pemias matpuuHoe ypaBHeHue (1.7). Ymuoxum (1.7)

CJIEBA HA MATPHUILY AL



At AX=4"B.
ITo onpenenennio o6paTHO# MaTpuibl 4 A= E, clief0BaTeIbHO,
EX=A4"B.

YMHOXEHHE MaTpHILIbl HA €IMHUYHYIO MaTpUIly HE MEHSIET MAaTPHUILY, [I03TOMY

EX=Xn
X=4"B. (1.9)

Memoo /Kopoana—I aycca

[Ipumensiercs 1 peleHrs Kak HeOAHOPOIHBIX, TaK U OJJHOPOJAHBIX CUCTEM
C IPOU3BOJILHBIM YKCIIOM YPABHEHUM M U MPOU3BOJIbHBIM YHCJIOM HEU3BECTHBIX N.
C nmoMouipl0 3JEMEHTapHBIX MPeoOpa3oBaHUN CTPOK PACIIMPEHHOW MAaTpPHIIbI
cuctemsl (A4 |B) HCXOJIHYIO cucteMy (4) npeoOpa3yroT B paBHOCWIbHYIO, KOTOpast
IIO3BOJISIET PELIUTH BOIPOC O COBMECTHOCTH CHCTEMBI, U, €CIM OHa COBMECTHA,
3anucarb €€ pemieHue. lIpeoOpa3zoBaHusi MPOBOAATCS IO CIEAYIOIIEH CXEMe,
KOTOpasi Ha3bIBaeTCs cxemou ’Kopoanosulx uckioueHu:

1) BbIOMpaeM J1r000i AIIEMEHT MaTpUIlbl A, OTIIMYHBIN OT HyJis. OH Ha3bIBaeTCS
paspewarowgum  aemenmom. lIlyctb 3TO 8y, TOrAa I-s CTpPOKa HAa3bIBAETCS
paspewarowjeri CmpoKol, a S-il CToJ0e1 Ha3bIBACTCS paspeuiarouum cmoioyom,

2) sieMeHTHI pa3peniaronieii cTpoku (r-if) octapisieM 0e3 U3MEHEHHUS,;

3) osmeMeHTHI pa3pemiaromiero croyiona (S-ro), KpomMe pasperiaroIiero

AJIEMEHTA Ay, 3AMEHSIEM HYJISIMU;

4) ocTanbHBIC AJIEMEHTHI MATPUIlhl (4/B) mepecuntbiBaeM 1o GpopMmyiie:

a~rj >< Ars
, a,—aga,  i=l.,mi=zr;
aj aig gj=—tr—ar _ (7)
a, 1=1...nJ#s.

[To sTOMYy k€ TIpaBUITy TIPe0oOpa3yrTCs U AJIEMEHTHI cToIOa B, kpome b,. B
pesyabrare matpuna (A4 | B) mnpeobpa3yeTcs B JKBUBAJCHTHYIO MaTpuily A,

B KOTOPOH CHOBA BBIOMPAEM pa3peINaronui dJeMeHT. DTo 000k snement a; # 0

MaTpuIlbl A" U PacmoJIOKEHHBIM B CTPOKE M CTOJOIE, KOTOphIe emé He Obun



paspemarorumu. Cxemy npeoOpa3zoBanuii 1—4 MOBTOpSIEM 10 TEX MOp, MTOKa BCE
CTPOKH (WK CTOJOIIBI) MAaTpHIIBl A HE OYAyT UCTIOIB30BaHbI KaK pa3periaroiime.
Ecnu npu npeo6pa3oBaHUsX MOSBISETCS CTPOKA, MOJHOCTHIO COCTOSIIAS U3
HYJIEH, TO €€ MOXKHO OTOPOCHUTB.
Ecnmn mpu mpeoOpa3oBaHUSX TMOSBISIETCS CTPOKA, COOTBETCTBYIOIAS
IPOTUBOPEUYMBOMY YPAaBHEHUIO BUJIA!

0x1+0x,+ ... +0x,= by, rae b =0,

TO TpoliecC MpeoOpa3oBaHUil HA STOM MPEKPAIAOT, TAK KaK CUCTeMa YpaBHEHHI

HECOBMECTHA.
3aganme 1.
2a -3b ¢ 0 4 % %
HaHBI MATPULBL A _| 39 g 5¢ |, B=|2ahc ,C=(_d 30], X=X
5a —4b 2c 3abc X

rJIc 3HAUCHUS rmapaMeTpoB cieayronme a =1, b =1, ¢ =-1,d =4,

a) [TogcTaBUTh 3HAYCHUS MTapaMeTpoB a, b, ¢, d u 3amucaTh Mmatpuisl A, B, C.

6) Haittu Mmatpurry R=C*+2CT —3C™; A

B) Pemnth cucteMy ypaBHeHuil 4-X=B Tpemsi METOJaMHU:

no ¢popmynam Kpamepa; marpuunsiM MetogoM; MetoaoM Kopaana-I'aycca.
Pewenue.

a) HOI[CTaBI/IM SHAYCHUS MMapaMCTPOB U IIOJTYYHUM CICAYIOIINC MAaTPUIIbI:

2 3 -1 0
1 2
A=|3 6 5| B=|-2| C-= .
4 -3
5 4 -2 -3

6) Haiinem matpuiy R. Onpenemnm matpuiy C-:
o [ L 2) (1 2)_(11+2:(-4 1.2+ 2:(3) | (-7 -4
B \-4-3)-4-3) (-41+4(-3)-(-4) -4-2+(-3)-(-3)) | 8 1)

Tpancnonupyem marputy C: CT = [1 -4 ]

2 -3
¥ Haiiném npomssenetne 2C: 2CcT =2 1 -4 - 2 -8 ,
2 -3 4 -6

Ompenemum C* o popmyse (1.5): C* = ﬁ(C*)T.



Brrancnum onpenenurens matputibl C no ¢popmyie (1.3):
1 2
‘C‘:‘ 4 3‘:1-(—3)—2(—4):—3+8:5;«r&0.

1
CnenoBarenbHo, C - cymectByeT. OmnpenenuMm anreOpandeckue JOMOJTHEHUS
>1eMenToB MaTpuibl C U mpucoeauHéRnyIo Matpuiy C

C11 =-3; C12 =4 C21 =-2; sz =1

C*:(_z 41] TOTa (C*)T:(_j _fj u oOparHas wmarpuna C L

ci_1(-3 -2)_(-06 04
5(4 1) 08 0,2)'

[IpoBepuM mNpaBUIBHOCTh HaxoXkaeHUs C g Jnst 3TOro mepeMHONKUM
MOJYYEHHYIO MaTpully Ha AaHHYyi0 maTpuily C cjeBa U crpaBa U yOeauMcs, 4To

[IOJIy4acTCsa CAMHUYHAA MaTpula:

C_l.cz(—o,es —0,4][ 1 2]_(—0,6-1+(—0,4)-(—4) —0,6-2+(—0,4)-(—3)j:(1 oj'

08 02)\-4-3 0,81+0,2-(-4) 0,82+0,2:(-3) 01
c-c-l{ 1 2}(—0,6 —0,4)2( 1.(-0,6) + 20,8 1-(=0,4) + 20,2 J:F Oj‘
4 -3)l 08 02) |-4:(-0,6)+(-3)0,8 —4(-0,4)+(-3)0,2 ) (01
Marpuria C ' ompe/eseHa IpaBUIbHO.

Haiiziem npoussenerue Matpursl C - Ha 3
-1 _0,6 _0,4 —1,8 —1,2
3C" =3 = .
08 0,2 2,4 0,6
OKOHYATENBHO MOJYyYHM:
s e (T —4) (2 -8) (-18 —172
R=C“+2C -3C " = + - =
8 1 4 -6 2,4 0,6
(-7T+2-(-18) -4-8-(-12)) (-32 -10,8
| 8+4-24 1-6-06 ) | 96 -56)

B) Jlana cucrema ypaBHenuii 4-X = B, rne
2a -3b ¢ X, 0

A=|3a —6b 5c|, X=[Xx,|, B=|2abc|, a=1,b=1 c=-1
5a —-4b 2c Xa 3abc



Pemute cucremy Tpems meromamu: 1o ¢gopmynam Kpamepa; MaTpuaHBIM
MetonoM; MetosioM JKoprana—I aycca.

Pewenue. Cornacuo YCIIOBHAM 3aJaHUA UMCCM:

2 -3 -1 0
A=|3 -6 -5|, B=|-2
5 —4 -2 -3

Cucremy JMHEMHBIX anredpanyeckux ypaBHeHUU A-X = B 3anuiieM B
KOOPJIMHATHOH (hopMme:
2x, —3%, —X;=0,
3x, —6X, —5X,=-2,
oX, —4X, —2X;=-3.
Pewum cucmemy no popmynam Kpamepa.

Haiiném onpenenurens cucteMbl, Hermoib3ys Gpopmysl (1.3) u (1.4):

2 -3 -1
6 -5 |3 -5 |3 -6
A=|3 -6 -5/=2 +3 -1 -
4 2 5 2| 5 -4
5 -4 -2

=2(12-20) + 3(-6 + 25) —1(-12 +30) = 23.
Tak kak A #0, cucrema UMeeT €IUHCTBEHHOE PEIICHHE, KOTOPOE HAXOIUM

no opmynam Kpamepa (1.8):

0 -3 -1
-2 -5 |-2 -6
A=|-2 -6 -5=3 -1 —3(4-15)-1(8—18) =23
3 2| -3 4
3 4 2
2 0 -1
-2 -5 |3 -2
A, =3 -2 -5[=2 -1 — 2(4-15) —1(-9 +10) = —23:
-3 -2 |5 -3
5 -3 -2
2 -3 0
-6 -2 |3 -
A=3 -6 —2/=2 +3 — 2(18—8) +3(~9 +10) = 23,
-4 -3 5 -3
5 -4 -3
Urak, X, _A g, X, _A X, _Bs g
A A A



CrnenaeMm mpoBEPKY, MOJCTABUB HAJICHHBIE 3HAUEHUS X1, X2, X3 B UCXOJIHYIO

CUCTEMY, M yOEIUMCS, 9TO BCE TPH YPaBHEHHS JAHHOW CHUCTEMBI OOpaIaroTcs B

TOXICCTBA:
2:(-1)=-3(-1)-1=-2+3-1=0; 0=0;
3-1)-6:(-1)-51=-3+6-5=-2; {-2=-2;
5(-1)-4(-1)-21=-5+4-2=-3; |-3=-3.

Omeem: x1=-1, xo,=-1, x3=1.
Pewium cucmemy mampuuHwvim Memooom.

N3 mnynkra a) A=23=#0,cnenoBarenbHO, MaTpUlla CHCTEMbI HMEET

oGpatHyi0 A ', KoTopyio Haiiaém mo popmyie (1.5).

I[JIH 9TOI'0O BBIYHCINM aJIFe6paI/I‘-I€CKI/Ie JOITIOJIHCHUA !

6 -5 3 -5 3 -6
— _1 1+1 :—8, — _1 1+2 :_19’ — _1 1+3 :18,
Al()_4_2‘ Am()S_Z‘ AS()5_4‘
-3 -1 2 -1 2 -3
— _1 2+1 :_2’ — _1 2+2 :1’ — _1 2+3 :_7’
AM=(07 ), =2 A=) &3()5_4‘
-3 -1 2 -1 2 -3
= (-1 =9, = (-1)**? =7, = (-1)*" =-3.
A= =0 A=) A33<)3_6‘
Homnyunm A o dopmyie (1.5):
-8 -2 9
A‘1:2i3 -19 1 7
18 -7 -3
ITo dhopmyie (1.9) umeem
X, . -8 -2 9\ O0 . -8-0 -2-(-2) +9-(-3
X=X, :2—3 -19 1 7 ||-2 :2—3 -19-0 +1-(-2) +7-(-3) |=
X, 18 -7 -3){ -3 18-0 -7-(-2) -3-(-3)
-23 -1
:2i3 —23 |=|-1|.
23 1

Omeem:. x1=-1, xo=-1, x3=1.

Pewium cucmemy memooom Kopoana—I aycca.



[IpeoOpa3zoBanust pacIIMPEHHOW MAaTPHIBI CHCTEMBI O(GOPMUM B BHUIE

TaOJIUIIbI (CM. Tabl1.).

A/B ) [Ipumeuanus
2 -3 -10 -2
3 6 -5-2 -10 | YMHO)HM IEpBYIO CTPOKY Ha —1
5 -4 -2-3 —4
2 3 0 2 | Pa3pemaronuii anemMeHT ai3=1. OcTaBisieM pa3pelaronlyro
_10 | cTPoKy (mepByro) ©0e3 wu3MeHeHHM. Bce aIeMeHTHI
3 -6 -5-2 paspemaroniero croidia (TpeTbero), KpoMe dj3, 3aMEHSIEM
5 4 -2-3 —4 HynsiMu. OcTalIbHBIE AJIEMEHTHI Mpeodpazyem no Gopmyse
(7)
-2 3 1/0 2 | Paspemaromuii aneMeHT az=1. OcTaBiasieM pa3penIaronryro
7 9 ol-2 CTpoky (Tpetpto) ©Oe3 wu3MeHeHmi. Bce aiaemMeHTHI

paspemaroimero croidia (mepBoro), KpoMe daz;, 3aMEHsIEM
HynsiMua. OcTanbHBIE AJIEMEHTHI mpeodpasyem o Gopmyne

=
N
o
|
w
o

()
0 7 1|-6 2
0 23 0|-23 0 | YMHOXMM BTOpYIO CTpOKY Ha 1/23
1 2 0|3 0
0 7 1]|g 2 | Paspemarommii snemMeHT ay, = 1. OcTaBisieM pa3pemaronyo
o |cTpoxy (BTOpyro) ©0e3 wu3meHeHuil. Bce sremeHTHI
0 0]-1 paspemaroniero croyiona (BTOporo), KpoMe dpp, 3aMEHSIEM
1 2 01[-3 0 HynaMHu. OcTallbHbIE 3JE€MEHTHI MpeodpazyeM mo ¢gopmylie
()
0 111
0 0-1
1 0 01 0

B mocnennem (uerBepToM) cTONOIE MaTpPUIBl A |B MOJIyYE€HO pEUICHUE
CHCTEMBI, COOTBETCTBYIOIIIEE HEU3BECTHBIM B TE€X CTOJIOIAX, B KOTOPHIX AIIEMEHTHI
paBHbBI €IUHUIIE, & UMEHHO: X1 = —1, x, = —1, x3= 1. OT™MeTHM, YTO pelIeHUs CUCTEMBI,
MOJTy4CHHBIC B IYHKTAX @), 0) U 8), KaK M CJICIOBAIO 0’KUIAaTh, COBIA/IAIOT.

Omeem:. x1=-1, xo=-1, x3=1.

N-MepHOe BeKTOpPHOEe MpocTpancTBo. Ero 6a3zuc
N-MepHbLIM 6eKMOPOM HA3BIBACTCS YIOPSJAOYCHHAS COBOKYIHOCTh U3 N

JNEWCTBUTENBHBIX 4ucel: X =(X,X,,...,X,), a uucma X;,X,,...,X, Ha3bIBAIOTCS

KOMNnOHeHmamu eekmopa.



N-MEPHBIA BEKTOP MOKHO PacCMaTpyBaTh KaK MATPHUILYy C OJHOM CTPOKOH,
MO3TOMY OIE€paly C BEKTOPAMU BBOJAT aHAJIOTUYHO MAaTPULIAM:

Iycts ¥ =Yy, Yorees ¥n)

DX=y<=>x =Y, i=1..,n;

2) AX = (AX, AXy ooy AX )

AX+Y=(X+Y, X+ Voo X, + Y,)

[Tox Hynb-6exkmopom TOHUMAIOT 0= (0,0,...,0).

MHO0XkeCcTBO N-MEPHBIX BEKTOPOB C BBEAEHHBIMH OINEpPALUSIMU CIIOKEHHUS U
YMHOXEHHUSI Ha YHCJIO HAa3blBalOT N-MEPHBIM BEKTOPHBIM IPOCTPAHCTBOM
1 0003Ha4aIoT R,

Jlunetinoi xKombuHmayuel CUCTEMbl BEKTOpOB €,6,,...,6,  Ha3bIBAIOT
BBIPAKEHHE BUJIA:

o6 + 0,6, +..+ 0o €,
rae o, (i =1,...,m)— HekoTopble Yncia.
Ecnu nunelinas koMOMHALIMS BEKTOPOB paBHA HYJIb-BEKTOPY:
o€ + 08, +..+ o, B =0, (8)
U IIpU 3TOM KO3 (UIMEHTH! 0 HE BCE PaBHBI HYJIIO OJHOBPEMEHHO, TO CHCTEMaA

BEKTOpOB €,E,,...,6, Has3bBaercs .JuHeuHo 3asucumoiu. Ecnm paBeHcTBO (8)
BO3MOYKHO TOJIBKO TOTJa, Koraa Bce kodddumuentsl o, =0, i=1,...,m, To cucrema
BEKTOPOB §,E,,...,€, Ha3bIBACTCS JIUHEUHO HE3A6UCUMOLL.

Ecnu cuctema BEeKTOpOB JIMHEWMHO 3aBUCHMMA, TO XOTsI Obl OAWMH U3 HUX
JMHEWHO BBIpAXKAeTCs Yepe3 OCTAIbHEIE.

B mpocrpanctBe R, cymectByeT cucreMa N JIMHEHHO HE3aBUCHMBIX
BeKTOpOB. JIto6ast cucrema u3 (N+1) BEKTOPOB U O0JIbIlIE TUHEHHO 3aBUCHMA.

Taxum oOpa3om, MakCHMaIbHOE YHCIO JTUHEHHO HE3aBUCHMBIX BEKTOPOB B
R, paBHO N. Yucno N Ha3bIBAIOT pa3mMepHOCmbio IPOCTpaHCTBa R,

JIrobast cuctemMa M3 N JMHEWHO HE3aBUCHMBIX BEKTOPOB B R, HaspIiBaeTcs

oazucom.



Teopema (xputepmii 6asuca B R;). st Toro, 4toObl cucTeMa BEKTOPOB

€.8,,...,6, oOpa3zoBpiBasia 0Oa3suc B R,, HeoOXomMMO M [OCTaTOYHO YTOOBI

OINPEJENNTEINb, COCTABICHHBIA M3 KOOPAMHAT 3TUX BEKTOPOB, OBUT OTIMYEH OT
HYJIS.

Ecin cucrema BektopoB €,6,,...,€, obpasyer 0a3uc B R,, To 1000 BEKTOP
X € R, MO)XKHO €QUHCTBEHHBIM O00pa3oM IPEICTaBUTh B BHJE JMHEWHOU
KOMOMHAIIUU BEKTOPOB € ,6,,...,&,:
X =X + X8 +...+ X.E,. 9)
®opmyna (9) HazpIBaeTCs pa3IoKeHUEM BekTopa X 1o Oasucy €, €,,..., €, a
qucia X;, X, ,..., X, Ha3bIBAIOTCS KOOpOUHamamu 6ekmopa X B 3TOM Oa3uce.

[IpuBeném mnpumep omHoro Oasuca B TpocTpaHCTBE R,, Ha3bIBaeMOro

KanoHuyeckum 0a3ucoM:

§=@0,..0),
g,=(0,1 ..., 0),
g =(0,0,..,1)

3adanue 2. Ilokaszarh, YTO 3aJjaHHAas CHCTeMa BEKTOpoB & =(3,2,—2),
a,=(3-3-1),a=(11 -1 obOpazyer Gazuc B mpocTpaHCTBe Rj, 3ammcaTh
MaTpully Hepexoia OT KaHoHHUYeckoro Oasuca {€,€,, &} k Oasucy {a, a,, a,}
M pa3noxuTh BekTop X =(5,1,—4) mo 6asucy {a,, a,, a,}.

Pewenue. CormacHo Teopeme (kputepuii Oasuca B R,), cucrema BEKTOpOB

a,, a,, 8, oOpasyer 0asuc, TOraa 1 TOJILKO TOI/Ia, KOIJa ONPeIeIIMTeNb, COCTABICHHBIN

N3 KOOPpAHAT BCKTOPOB, OTJIMYCH OT HYJIA. Beruucimim stoT OIpCaAC/IUTCIIb:

3 3 1
3 1| |2 1| |2 -3

A=[2 -3 1|=3 -3 +1 -
- -1 -1 2 -y 2 a1

=33+1)-3(-2+2)+1(-2-6)=4+0.
CrnenoBaTenbHO, CHCTEMAa BEKTOpOB  @,,d,,d8, oOOpasyer 0Oa3uc B

npocTtpancTBe R3. Marpuia nepexona otr kaHoHndeckoro 6asuca B={¢, €,, &} k



oasucy B={a, a,, a,} cocTouT W3 KOOpAMHAT BEKTOpOB &, a,, a, B Oasuce

B ={€, &,, &,},3anucanHbpIX B COOTBETCTBYIOIINE CTOIOIbI, 1 UMEET BU

3 3 1
2 3 1
-2 -1 -1

Pasnoxenue Bektopa Xmo Oasucy B={a,a,, &} cormacuo (9) umem
B BUJIC:
X'=Xa + X8, + X;;.

DTO BEKTOPHOE PABEHCTBO SKBUBAJICHTHO CUCTEME YPaBHEHUIA:

3X, +3X, + X, =5,

2%, —3X, + X, =1,

—2X, — X, — X3 =—4.
[ToCKOMIBKY OMpEACIUTENIb ITOM CHCTEMBl OTIMYCH OT HYJIS, HCIOJb3yeM

utst e€ pereHust hopmyssl Kpamepa:

5 3 1
-3 1 1 1 1 -3
-1 - -4 -1 |4 -1
-4 -1 -1
=53+1)-3(-1+4)+1(-1-12) =-2;
3 5 1
1 1 2 1 2 1
A,=12 1 1|= -5 +1 =
-4 -1 -2 -1 |-2 -4
-2 -4 -1
=3(-1+4)-5(-2+2)+1(-8+2)=3;
3 3 5
-3 1 2 1 2 -3
-1 -4 |-2 -4 |-2 -1
-2 -1 -4

=3(12+1)—3(-8+2) +5(-2-6) =17.

Hraxk, Xlzﬁ:—l, Xzzﬁzé’ x3:ﬁ:£_
A 2 A 4 A 4

Cnenaem MpoBEpKY, MOJCTABUB HAIIEHHOE PELICHUE B UICXOJIHYIO CUCTEMY:



3-(~1/2) +3:(3/4) +17/4=-3/2+ 13/2=5; (5=5;
2(=1/2) = 3(3/4) +17/4 = -13/4 + 17/4 = 1; {1=1;
24(-1/2) ~ 3/4 — 17/4 = —16/4. —4=—4,

Taxkum oOpa3oM, pasznoxeHue BeKTopa X 1o 06asucy a,, a,, 8, UMeeT BU:

SO FUELR
SAt Rt A

Penrenue 0{HOPOAHBIX CHCTEM JIMHEHHBIX AJIre0panvyecKux ypaBHeHUH
PaccMoTpruM OTHOPOJHYIO CUCTEMY YPABHEHUN:

X +a,X, +..+a,,X, =0,
Ay X + 8yX, +...+ 3, X, =0,

2n*n

a X +a X, +.+a. X =0.

Takas cucrema BCCrga COBMCCTHA, IIOCKOJIBKY HMCCT HYJICBOC PCHICHHC
x.=0 (i=1..,n).

O,Z[HaI(O, IIpu OIPCACIICHHBIX YCIIOBHAX OHA MOXCT HMCTb M HCHYJICBOC
peuieHue.

Teopema (KpUTEPUNW HEHYIEBOTO PEHIEHUS OMHOPOIHOU CHCTEMBI

ypaBHeHu#). [l Toro, 4T00BI OJTHOPOHAS CUCTEMa YpaBHEHUN MMelia HEHYJIEBOE
pelieHre, HeoOXOAMMO U JOCTAaTOYHO, YTOOBI PAHT MaTPHUIIBI CHUCTEMBI ObLI
MEHBIIIE YNCIIA HEU3BECTHBIX.

bynem paccMarpuBarh HEHYJIEBBIE PEIICHHS CHUCTEMBbI KaK CTOJIOIBI,

cocrosmye u3 N 31eMeHToB; o0o3Haunm ux E,E,,...,E,.

JIuneitno HezaBucuMmas cucrema pemenut E L E,,..,E, Ha3bBaercs
@dyHoamenmanvHoOU cucmemou pewieHuti, €ciii J00e APYroe pelieHue sBIIEeTCS
JUHEWHOM komOuHanmei pemwennit E E,, ..., E,.

Teopema. Ecnu panr I MaTpuibl CUCTEMBI OJHOPOIHBIX YPABHEHUN MEHBIIE
YyCjia HEU3BECTHBIX N, TO 3Ta CHUCTeMa HMeeT (PYHIaMEHTaJbHYI0 CHCTEMY
pEILICHUN, KOTOpasi COCTOMT M3 N—I JIMHEMHO HE3aBUCHUMBIX PEIICHUHA HCXOIHOU

CHUCTCMHEI.



OO6uiee penieHrue 0THOPOAHON CUCTEMBI YPABHEHUN UMEET BU/IL;

X, =C,E, +C,E, +..+C_E (10)

n—-r —n-r*
rae C,,C,,...,C,_, — npou3BOJIbHBIC YHCIIA.

Pemienue cucteMsl, MOMy4eHHOE M3 OOIIETO MPH (PUKCHPOBAHHBIX 3HAYCHUSAX

C,,C,,...,C, ., Ha3pIBaETCS YACMHBIM.

3aoanue 3. 1) Cuutas matpunly Cyxs MaTpuliei ogqHopoaHon cuctemsl C-X
= (0, HaUTH:

a) pyHIaMEHTAJIbHYIO CUCTEMY PELLICHU;

0) ob1iee pelieHue;

B) KaKOe-HUOYb YACTHOE PEIIICHHUE.

6 2 3 4 9
3-126 3

16 2 520 3/
9 -3 4 2 15

Pewenue. icxonnas cucrema ypaBHEHUN UMEET BU:
6X, —2X, +3X; + 4X, + 9%, =0,

3%, — X, +2X; +6X, + 3%, =0,

6X, —2X, +5X; + 20X, + 3%, =0,

9%, —3X, +4X; +2X, +15%, =0.

[IpeoOpa3oBanust MaTpUIIbl CUCTEMBI OPOPMHUM B BUI€ TAOIUIIBI (Ta0II.).

C )y [Tpumeuanus
6 2 3 4 9 20
3 -1 2 6 3 13
6 -2 5 20 3 39 YMHOKHUM BTOPYIO CTPOKY Ha —1
9 -3 4 2 15 27
6 -2 3 4 9 20 | Paspemaromuii  dneMeHT axp—=1. Paspemaromryo

_3 _2 _g -3 | —13 |cTpoky (BTOpyr0) OocTaBisieM Oe3 m3MeHeHmH. Bce
6 2 5 20 3 3p | 27emenTsl paspenaioniero cTonb1a (BTOporo), Kpome

- az;, 3ameHsieM HymsMdA. OcTanbHBIE AJIEMEHTHI
9 -3 4 2 15 | 27 |upeo6pasyem o hopmyie (7)

O 0 -1 -8 3 -6
1 -2 -6 -3 -13 | ymuOKHM NEPBYI0 CTPOKY Ha —1, a 4eTBEpTYIO
0 01 8 -3 6 |cTpoky Ha 1/2

0 -2 -16 6 -12




0 0 8 -3 6 | Paspemarommii 3neMeHT aj3=1. Paspemaromryro

31 -2 _6 -3 _13 | cTpoky (mepByro) ocrapnsgem Oe3 msmeHenuid. Bcee
3 g |2UEMEHTBl  paspemaiomero cTonbna (TpeThero),

001 8 - KpOME d13, 3aMeHsieM HyJIsiMUA. OCTalIbHBIE YJIEMEHTHI

0 -1 -8 3 —6 | mpeobpazyem mo hopmyme (7)

0 0 8 -3 6

-3 1 0 10 -9 —1 | IIpeoGpasosanue 3axomueno. Ionyuens! aBe cTPOKH

0 00 0 O 0 | u3 Hyne#, Bce ocTambHBIC CTPOKHU MPEOOPA30BAHEI

0 00 0O

a) 13 Tabn. 4 caemyer, uto panr marpunbl C paBeH F(C)=2, Tak KaKk ecTbh

0

MUHOpPBI BTOPOTO MOPSIKA, OTIUYHBIE OT HYJIA, HAIIPUMED 1 0 =-1, a moOble

MHUHOPBI TPCTHCTO U ‘IGTBépTOFO IMOPAOKOB PABHBI HYJIIO.

[lepeMeHHBIE CHUCTEMBI X, X3, COOTBETCTBYIOIIUME Oa3UCHOMY MHHOPY
MaTpullbl A Ha3bIBAIOTCH OA3UCHBIMU NepeMeHHbIMU, OCTAIBHBIC X1, X4, X5 —
CBOOOTHBIMH.

Cucrema, paBHOCWJIbHAS UCXOJHOM, UMEET BU/I:

X, +8X, —3%; =0,
—3X, + X, +10x, —9x; =0.

OcraByisisi cineBa Oa3uCHBIC TEPEMEHHBIE X; M X3, COOTBETCTBYIOIIHE
JUHEWHO HE3aBHCHUMBIM CTOJOIAM MaTpHIlbl A, W TEPEHOCS B IPaBYl0 4YacTh

YpaBHEHUI HEU3BECTHBIC X1, X4, X5, TOJTy4aEM:

X, = 3%, —10x, + 9X;,
Xy =—8X, + 3X;.
0) Ilonaras cB0OOOAHBIE EPEMEHHBIE PABHBIMU MPOU3BOJIBHBIM KOHCTAHTaM

X1= €1, X4= C4, X5 =Cs, IOTy4aeM oOl1Iee pelIeHHe CUCTEMBI B BUJIE:

Cl
3¢, —10c, +9c,
C4
CS




OyHaaMEeHTAaNbHYI0  CHUCTEMY  pElIeHHuH  00pa3yloT Tpu  JIMHEHHO

HE3aBUCUMBIX YAaCTHBIX pemieHus. [lomydmm 3TH pemieHws, 3amaBas CHUCTEME
KOHCTAHT (c1, ¢4, C5) IUHEHMHO HE3aBUCUMBIC 3HaUeHUs, Hanpumep, (1; 0; 0), (0; 1;
0),

(0; 0; 1). Beruucnenus 3aneceM B Tabnuiry (Taodm.).

X1 X2 X3 X4 X5
1 3 0 0 0
0 -10 —8 1 0
0 9 3 0 1

I/ITaK, (bsz[aMeHTaany}o CUCTCMY COCTaBJIAIOT TPH JINHEWHO HE3aBHCHUMBIX

peHleHI/ISI:
1 0 0
3 ~10 9
E=/0| E,=| -8 E,=[3]|
0 1 0
0 1

OO61ee perieHne 0THOPOTHOM CHUCTEMBI, coriacHo (10), mmeer BHI:

Xo =CE, +C,E, +CE;, rne c1, ¢, c3 — NpON3BONIBHBIE KOHCTAHTHI.

B) YacTHoe pelieHre MOXHO TOJIYYUTh U3 OOIINEro peuieHus, MmpuaaBas
OIIpEleNIEHHBIE 3HAYCHUS NPOM3BOJBHBIM NOCTOAHHBIM. Pemenus E, E,, E;,
oOpaszywnue ¢GyHIAMEHTAIBHYIO CHUCTEMY pELICHUM, SBISIOTCS YacCTHBIMU
PELICHUSIMU 3TON OJJTHOPOIHOU CUCTEMBI.

2) Cunras matpuily Cyvs paCIIMPEHHON MaTpULIEd HEOJHOPOJHON CUCTEMBI
C'X=C", rae C = (C'| C”), pemnts 3Ty cucTeMy, IPeABAPUTENHHO HCCIIETOBAR
€€ Ha COBMECTHOCTb 1o Teopeme Kponekepa—Kanemnm.

Pewenue. Heomnopoanas cucteMa C X = C™ umeeT BUL:
6X, — 2X, +3X; + 4x, =9,
3X, — X, + 2%, + 6X, =3,
6X, —2X, +5%; + 20X, =3,
9x, —3X, + 4x, + 2x, =15.




Yr1oObl ucceoBaTh CUCTEMY Ha COBMECTHOCTH MO Teopeme KpoHekepa—

Kamemm, HyxHO TpoBeputh pasercteo F(C)=r(C'1C"). U3 Tabn. cruemyer,

aro r (C') =r (C'JC")=2, 3HaunT crCTeMa COBMECTHA.

Tak kak paHr MaTpuibl MEHbBIIE 4YHCIa HEU3BECTHBIX N = 4, TO cucTeMa
ABJIIETCSI HEONPENEIECHHON. MHOKECTBO BCEX PELICHWHA HEOTHOPOIHOW CUCTEMBI
IIOJIy4UM, PEIINMB PAaBHOCWIBHYIO €l CHCTEMY, NOIY4eHHYI0 MeTofoM KopraHna—
l"aycca:

X; +8X, =-3,
—3X%, + X, +10x, =-9.

basucHbie IICPCMCHHBIC X2, X3 BbIPAa3UM 4YCPC3 CBO60,Z[HLI€ IICPEMEHHBIC X1, X4.
X, =—=9+3x, —10x,,
Xy =—3—8X,.

Ilonaras CBO6OIIHI>I€ IICPCMCHHBIC pPAaBHBIMU IIPOU3BOJIBHBIM ITOCTOSHHBIM
X1= C1, X4= C4, HAXOJIUM OOIIIe€ PEIICHUE HEOJHOPOIHOM CUCTEMBI B BUJIE:
C1
-9 +3c, —10c,
—3-8c,
C4

JieMeHThI BeKTOPHOM ajiredopnl B R;
TpexmepHOe BEKTOPHOE MPOCTPaHCTBO Rz ecTh wacTHbIM ciywyait R, mpu

n = 3. JlekapToB MpsIMOYTOJILHBINA 0a3uc B Rz 00pa3yroT Tpu €IMHUYHBIX, B3AUMHO

MIEPIICHIUKYJISIPHBIX BEKTOPA

T=5=(100),
1=8=(0,10),
k=8=(0,01)

CoBOKyNHOCTh Hayana KoopauHaT (Toukd O) U JAeKapTOBa MPSMOYTOJLHOTO
0a3uca Ha3bIBAETCS IEKApTOBOU MPSAMOYTOIbHOM cuctemMoin koopauHat OXYZ.

CornacHo Qopmyne (9) moboii BekTop @ B Rz MOXHO pPa3ioXKuTh

€JIMHCTBEHHBIM 00pa3oM 1o 1, j,K, T. €. IpeacTaBuUTh B BUJE:



a=ai+a,] +ak,
rJie a,— KoopJuHaTa BekTopa no ocu OJX;
@, — KoopauHaTa Bekropa 1o ocu OY,
a; — KoopauHaTa BekTopa no ocu OZ.
Hapsiny ¢ aHanuTHYecKUM 3a/laHMeM BEKTOpa KakK YMOPsJI0YEHHON TpPOMKU
gmcell B R3 paccMaTpuBarOT BEKTOP KaK HapaBJICHHBIA OTPE30K, MMEIOIINI HavasIo

1 KoHell. KoHel BeKTopa oTMedaeTcs CTPENIKOM.
B a=AB
A — Havano BeKTopa,

B — konern BekTopa.

Jlnuna otpeska 4B Ha3bIBaeTCSI MOOYIeM 6eKmopa U 0003HaYaeTCsl |§ | WIn ‘AB‘.

Ecim W3BeCcTHBI KOOpAMHATEI BekTopa a =(a,, a,, d,), TO MOJyJb BEKTOpa
BBIUUCTISIETCS 110 hopMyIie:

EFJ&+£+£. (2.1)

Paouycom-eexmopom mouku 6 Oexkapmosoil NpAMOY20IbHOU Ccucmeme

KoopduHam HA3bIBACTCA BCKTOP, HAYAJIO KOTOPOro paciiojJoKCHO B Ha4alc

KOOpJIMHAT, @ KOHEL[ B JAHHOU TOYKE A, T. €. BeKTop OA.

Koopannatamu Toukn A Ha3bIBAIOTCA KOOPAMHATHI €€ paanyca-BEKTOpa.
Ecmu OA=a i + a,j+ ak, To (a, a,, a,) KOOPIMHATEI TOUKH A.
[Iycte BekTOp a = AB, npu4€M 3aJaHbl KOOpAMHATBI TOYeK A u B
A(a,, a,, a,) u B(b,, by, b,). Torma koopauHaTBl BEKTOpa AB PaBHBI Pa3HOCTH
OJTHOMMEHHBIX KOOPJAWHAT KOHIIAa U Havaja:
AB=(b,—a,b,—a,b-a,). (2.2)

N3 (2.1) u (2.2) cnenyet hopmyrna i pacCTOSTHHUSA MEXTY ABYMsI TOUKaMu A U B:

AB:\E\Z\/(bX—ax)2+(by—ay)2+(bz “a). 2.3)



Cranspuvim npouszeedenuem BeKTopoB a U b HaseiBaeTcs umcno (ckasp),
0003HayaeMoe (5,5), PaBHOC IIPOU3BCACHUIO MOI[y.TIeﬁ BCKTOPOB Ha KOCHHYC
yriia MCXKAYy HUMM:

(a,b)=laljp|cose, (2.4)

TJe ( — YroJ MeXIy BeKTopamu @ u b .
B nexaproBoii  mpsMOYrOJIBHOM  CHCTEME  KOOPAMHAT  CKaJISAPHOE

IPOM3BEACHNE BEKTOPOB BBIUUCIIAETCS 1O popmyIie:
(a.b)=ab +ab, +ab, (2.5)
(a,, a,, a,) — KOOpPJMHATHI BEKTOpa a ;
(b, b,, b,) — xoopmuHare! BekTOpa b.

N3 (2.4) u (2.5) nonyuyaerca (opmyna uisi BBIYUCICHUS KOCHMHYcCa yria

MCIKAY ABYMs BCKTOPpaAMU:

COSQ = (2.6)

(5, 5) ~ ab, +ab, +a,b,
alp] \fa?+a2+aZ.fb? +b7+b?

Bektopel @ u b HaszwBaroTcs opmoconanvhuimu (0003Hauarorcs a L b),

€CIM yrojll (¢ MEXKIy HHMHU paBeH Mnpsmomy, T. €. CO0S@ = (. VYcnoBue

OpTOroHaJJbHOCTHU BECKTOPOB:

ab, +ab, +ab, =0. (2.7)

YnopsiioueHHass Tpoiika BEKTOpoB a,b,C Ha3bIBaeTCS npaeoil, eCiu

M3 KOHIA TPEThEr0 BEKTOpa C KpaTyaulIui IMOBOPOT OT IEPBOrO BEKTOpa a

KO BTOpOMY b BHACH IIPOUCXOIAIINM IIPOTHUB 4acoBOM CTPCIIKK W HA3BIBACTCA

J1e601, €CIIV TAKOM MOBOPOT MPOUCXOUT MO YaCOBOM CTPETIKE.

Bexmopuvim npouseedenuem BeKTOpa 8 Ha BeKTOp D Ha3bIBaeTCs BEKTOp
C= [5, b], TaKOU YTO:

1)cLla,tlb, T e T nepneHauKyIspeH IOCKOCTH BEKTOPOB @ U D

2) HampaBJIeH TakK, 4To Tpoiika a, b, T — mpasas;



3) Monynb BekTopa C paBeH IUIOLIAIU MapajuiesiorpaMmmMa, MOCTPOEHHOTO Ha

BEKTOpax a " b, kak Ha CTOpOHAX, T. €.
[c|=5, =|a|[p|sine. (2.8)

Ecmm a=(a,a,a,), Ez(bx, by, b,), TO WIS BEKTOPHOTO HPOM3BEACHUS

crpaBeinBa Gpopmya:

i J k
(ab]=[a, a a, (2.9)
b, b, b,

Cmewannvim npouzeedeHuem YnopsaooueHHoOU mpouku eexkmopos a,0b,T
Ha3bIBaeTCs 4HCII0 (0603HagaeMoe (&, b, T)), paBHOE CKAISPHOMY IPOH3BE/ICHHIO
BEKTOPHOTO TIPOU3BEICHUS TIEPBHIX BYX BEKTOPOB Ha TPETHIL:

([a, b], 6):(5, b, ).
CMemaHHOe TIPOU3BEICHUE BEKTOPOB 110 aOCOMIOTHOMN BEJIMIMHE PABHO 00BEMY

apaJuICICIIUIICIa Vnap , IOCTPOCHHOI'O Ha 3THUX BCKTOPAX KaK HAa CTOPOHAX, T. €.

V.., =\(a, b, E)‘. (2.10)

Jut

Ecu a=(a,a,a), b=(b, b,,b,), ¢=(c.,c,, c) T0 cnpasenmsa

dbopmyna:
a, a, a,
(a.b,c)=|b, b, b, (2.11)
¢, C, ¢,

Bekrtopsl @ u b HaszbIBarOTCS KOMIUHEAPHLIMU, €CITA OHU JISKAT HA OJHOU
WM TIapaJICIbHBIX MPSAMbBIX. Y CIIOBHE KOJTHHEAPHOCTH BEKTOPOB & U b :
1) B BexTOpHO# opme b =Aa, rae A — ckamsp;

b
2) B KOOpIMHATHOM (opMme b B _b _ A. (2.12)
a a



Bektopsl @, b, T Ha3bIBAIOTCS KOMMAGHAPHLIMU, S€CIIA OHH JIEXKAT B OJIHOM
NJiIn HapaJ'IJIQJ'II)HBIX ITJIOCKOCTHIX. YCJIOBHC KOMHHaHapHOCTI/I TpéX BGKTOpOB
a,b,c:

1) B BekTopHOIt opme: T =Aa +pb, roe A, p — gncia;

a, a, a,
2) B KOOpJMHATHOH (opMe: b, b, b,|=0. (22)
c, C, C

x GG
3aoanue 4. Jlanpl KOOpPAMHATHI BEPUIMH TPEYrOJbHOM NHUPaMUJBL:
A;(-1,0,1),4,(2,3,1), 43 (0, -2, 2), 44 (1, -1, 5).
A(1,-1,5) TpeOyeTcs HallTH:
a) nnuHbl pédep 414, u A1A43;
0) yros mexny peopamu A4, u
A1A43;

B) IUTOINAb rpaHu A14,A43;

A ~ o P A, ) 00bEM TTupaMuibl A1A2A3 As.

Al2,3,1)

Puc. 1

a) UcnonwszyeM popmyist (2.2) u (2.3).
OnpenenuM KOOPIMHATHI BEKTOPOB:

AA =(2—-(-1), 3-0,1-1)=(3, 3, 0),
AA =(0-(-1), —2-0, 2-1)=(L, -2, 1).

Pebpo AA, =[AA =3 +3" =0+9=18=3V2 ex,
AA =|AA|= 17 +(-2) +1* =\1+4+1=18 =6 en.

0) Yron mexny péopamu A4, u A1A3 paccMaTpuBaeM Kak Yrojl MEXIy

BEKTOpaMH E =3, 3 0)u E: @ -21.

[To hopmyrie (2.6) i KOCHHYCa yria MEX/Ty JIBYMsI BEKTOPaMH MOTYUHUM:




(AA AA) 31+3(-2)+04 3-6+0 -3 -3

TIARAA] T 2B 3z 6B 23

co

3
@ =T —arccos—.

243

B) I'panp A;4,A3 €CThb TpEYroibHUK, MIOHIAb KOTOPOTO pPaBHA MOJIOBUHE

wiomanu napamienorpamma  AiA;AgAs, TOCTpoeHHOro Ha BekTopax AA,

U m [To popmyne (2.8): S = ‘[E,E]‘

BeruucnuMm BektopHOe mpousBerenue Bekropo AA, u AA, o ¢opmyine

(2.9):

i J k
ARAR ] é NI B T
’ _121_—21]11 1 -2

=(31-(-2)0)i —(31-10) j+(3:(—2) -13)k =3i—3j —9k.

S_ :‘[Eﬂ]‘ = /3 +(-3)* +(-9)° =/9+9+81=+/99 =311 ex’.

S _1s —3\/]1 en’
AAMA o H 2 ’
r) OO0bém TpeyronpbHOW mHpamuasl V paBen 1/6 o0BEma

Ip

napajuienenunena V, o, nocrpoeHHoro Ha Bekropax AA,, AA;, AA, kak Ha

CTOpOHax. M3 CBOMCTB CMEIAHHOTO TPOU3BEAECHHUS CICAYET, YTO:

Vi = ‘( AA, AA AA, )‘, Y CJIE€J0BATEIBHO,

1
Vi, =5 (AR AALAA,)
Onpenenum KOOpAUHATHI BEKTOpa

AA =(1-(-1),-1-0,5-1)=(2 -1, 4).
ITo ¢popmyie (2.11) umeem



3 3 0

(AR AAAA)=L 2 1/=3
2 -1 4

=3(-8—(~=1)-3(4—2) +0=3(-7) - 32=—-27.

-2 1 1 1 1 -2
-3 +0
-1 4 2 4 2 -1

27 9 \
—=—=45ex".
6 2 8

DJIeMeHTbI AaHAJIUTHYECKOI reoMeTpun B R3

1
Vnnp - 6‘—27‘ -

Hanpasnarowum eexmopom npsmoii Ha3pIBaeTCs J0O0M BEKTOp S,

JIekKAIMK Ha 9TOM NIPSMOM WJIM € MTapaJuleIbHOM U OTIIMYHBIN OT HyJIb-BEKTOPA, T.

/ Kanonuueckne  ypaBHEHUS  MPSMOi,

MPOXOJAIIEH 4Yepe3 MJaHHYy TO4YKy My ¢

M (X, Y, 2) JAaHHBIM HaIIpaBJIAIOIIUM BCKTOPOM S ,
UMECIOT BU/I:
M (Xo, Yo, Zo)
X—X — Z1—17
0 YV _2T5 (3.1)
m n p

rae (X, Y, Z) — KOOpAMWHAThI TeKyIIeld TOUYKH MpsMOH; (Xo, Yo, Zo) — KOOPAUHATHI
JaHHOW TOYKHM Ha mpsMoii; (M, N, P) — KOOPAMWHATHI HAIPABJISIOIIECTO BEKTOpa
MIPSIMOM.

Ecnu Ha npsMol 3amaHbl IBE TOYKHU

Ml(Xl, V1, Zl) u Mg(Xz, Yo, 22), TO B Kaye€CTBC

M; (X2, V2, 25) HANPaBJISIONIETO BEKTOpPA MPSIMOW MOXKHO B3ATh

BekTop M, M, :

My (x4, y1, 2 - - _ _ _
b,y 22) S =MM, =(%—X, ¥, = Y. Z,—2).
PaccmarpriBast B KauecTBE TaHHOM TOUKHM TOUKY M) M UCHOJB3Ys YPABHEHHE

(3.1), mosyunm ypaBHEHHS IPSIMOH, IPOXOISIICH Yepe3 IBE JaHHbBIC TOUYKH:

X_X1: y_yl_z_zl (32)

=% Yo=Y 22_21.




[Tyctp npsmas |; umeer Hanpasisronwii Bektop S, = (M, N, p,) u npsmas I,
— HaIpaBISIOIKH BeKTop S, =(M,,N,, p,).
Yron ¢ mexay npsMmbiMu | u |, ompemensercs kak yrom MEXIy HX

HATPABIAIONIMME BeKTopaMu S, 1 S, , o popmyie (2.6) momydaem:

(Sl’ 82) mm, +nn, + PP,

S Y Y R ol ey

I ||1,, ecmu S,||S,, T. e. Mo ycnoBHI0 KomTHHEapHOCTH (2.12)

Kputepuii neprnenaukynsproctd npsameix |, L1, <=> S 1 S,. Toraa mo

YCJIOBHUIO OPTOTOHAJIBHOCTH BeKTOpoB (1.7) mm, +nn, + p,p, =0.

Hopmanvnvim BextopoMm mtockoctu (/1) HaszpiBaetcs mroboi Bektop N,

HCpHGHI{HKyanHBIﬁ K IINIIOCKOCTHU u

4+ N=(AB,C) _
OTIWYHBIN  OT  Hynb-BekTopa: N L 717
u N 0.
M (x,y, z) v .
paBHEHHUE IUIOCKOCTH, IPOXOIALIEH
yepe3 JMaHHYI0 TOYKYy My TUIOCKOCTH H
yMeroIeil TaHHbI HopManbHbIi BekTop N,
I Mo (xo, Yo, Zo)
UMEET BUJL:
A(X_Xo)"' B(y—y0)+C(z—zo)=0, (3-3)

rae A, B, C — xoopauHaThl HOpMaIbHOTO BekTOpa N ;
Xo, Yo, Zo — KOOPJIMHATHI JAHHOW TOYKH IJIOCKOCTH;
X, Y, Z— KOOPJIMHATHI TEKYIIEH TOYKH MIOCKOCTH.
Ecnu B ypaBHeHuu (3.3) packpbITh CKOOKH, TO €70 MOKHO 3aIlucaTh B BUJIC

Ax+By+Cz+D=0. (3.4)



YpaBHeHue (3.4)

Ms3 (X3, Y3, Z3)

‘ HAa3bIBACTCS oouwuUM
A

M (x,y, z) ypaeHeHuemM nioCKocmu.

Tpu Toukm Mi(Xy, Y1, Z1),
M; (X2, 2, 22) M>(Xa, Y2, 22) 1 M3(X3, Y3, Z3) (He
1 (X1, ¥, 21) JeXalue Ha OJIHOM MPSIMOM)

ONPENEIISIIOT TIOCKOCTh B Ra.
YpaBHeHHE TaKOW TUIOCKOCTH MOXHO TOJYYUTh M3 YCIOBHUS KOMILIAHAPHOCTU

(2.13) Tpéx BEKTOPOB:

MlM :(X_Xp Y—Yu 2_21)1
Mle = (Xz =X Yo=Y 4, - 21)’
M1M3 = (X3 =X Ys =Y 43— 21)’

X=X Y=Y -1
X, =% Y,—V, Z,—12,|=0. (3.5)
X3=X% Ys—=¥ 4374
3necy X, Y, Z— KOOpAUHATHI TEKYIIEH TOUKHU M,
X1, Y1, Z1 — KOOPJHUHATHI TAHHOWU TOYKH M7;
X2, Y2, Zo — KOOPJAUHATHI JAHHOU TOUKU My,
X3, Y3, Z3 — KOOPAWHATHI JAaHHOW TOYKHU M3.
[lycte  miockocts Il 3amana  oOmum

Mo (xo, Yo, Zo)
ypaBHenueM AX+ By +Cz+ D =0.

Paccrosane ot Toukum  My(Xo, VYo,  Zo)
10 mwiockocTH I1 Beramcisercs mo Gopmysie:
d- |AX, + By, +Cz, + D
JA? + B? +C2

(3.6)

Yron MCXKIAY JABYMS IINIOCKOCTAMH, HOPMAJbHBIC BCKTOPbI KOTOPLIX

N, =(A,B,,C,)) u N,=(A,,B,,C,), Beruncnsercs no popmyie:

(N5,
]

Z|
Z|

CoS @ =

Zl
Z|

IN;



Kpurepnii napajieIbHOCTH IIIOCKOCTEN:
== B C
H1”H2<:> N1” N2! Qﬁ:_lz_l;
A’Z BZ CZ
Kpurepnii nepneHAuKyIsspHOCTH IIIIOCKOCTEN:
I, 11T, & N, LN, & 44,+BB,+CC,=0.

Yrom Mexay HOpAMOM M IUIOCKOCTBIO Y ONpENeNseTcss  Kak

JIOTIOJTHUTENIBHBIN K YTy (0 MEXK]Ty HalpaBJISIFOIIUM BEKTOPOM MPSIMOM $=(m.n,p)

N =(A,B,C),

0
U BEKTOPOM HOPMAJIA K IIJIOCKOCTH TakuM obpazom y=90"-¢ u

IMoJIiydacM:

(55

N
Sinw:coscp:—m. (3.7)

3aoanue 4 (npooonxncenue). Jlanbl KOOpAMHATHI BEPUIMH TPEYTOJIbHOU
MIAPaMU/TbI
Ay (1,0, 1), 4, (2, 3, 1), 43 (0, -2, 2), A4 (1, —1, 5). Ilponomkenue 3amaHus 5
MYHKTBI T—3.

TpeOyercs HalTH:

1) KAHOHMYECKUE ypaBHEHHs TpsiMoit |, mpoxosiieli uepe3 Touku Ay U Ay,

¢) ypaBHeHue mockoctu I, mpoxoasieit uepes3 Touku Ay, Az, v As;

) yroi Mexay npsimoii | u mmockoctsio I1;

3) BBICOTY TTUPAMUJIbI.

Pewenue:

1) Jns HaxoXJIeHWS KaHOHWYECKUX YpaBHEHHH NMpsIMoul 4144 UCTIONb3yeM
ypaBHeHue (3.2) npsiMoi, mpoxoasiei yepe3 ape Touku A; (-1, 0,1) u 44 (1,-1,5):

A1Ay: x-()_ y=0 _z-1 I/IJII/IX—H-ZX:Z—_]-.
21 3-(-1) 1-5 1 4 -4

€) YpaBHEHHE IUIOCKOCTH A14,A3 TOIydYHM, HCHOJIb3ys YpaBHEHHE
wiockocTy (3.5), mpoxomdiied uepe3 Tpu jgaHHbie Touku A; (-1, 0, 1),
A2 (2, 3, 1), A3 (0, —2, 2)



x-(-1) y-0 z-1 X+1 y z-

2-(-1) 3-0 1-1{=0mm| 3 3 0 |=0.

0-(-1) -2-0 2-1 1 -2 1

PaCKJIaI[I)IBaSI OIIPCACIUTCIIb I10 3JICMCHTaM HGpBOﬁ CTPOKH, ITOJTYIHNM:

3 0

3 0 3 3
1 — —1 = 1)-3y-— -1)=0.
(X + )‘_2 1‘ y‘l 1‘+(z )‘1 _2‘ 0 =3(x+1)-3y-9(z-1) =0

Jlenum Bce 4iIeHbl YpaBHEHHUS Ha 3 M pacKpbIBa€M CKOOKH:
X+1-y—-3z+3=0.

OKOHUAaTeNbHO YpaBHEHHE MIIOCKOCTH A14243 UMEET BU:

X—y—-3z+4=0.

K) Yron mexay mnpsmoi | n mmockoctero I Haiiném mo dopmyne (3.7).

x+1 y z-1
VYpaBHeHue npsMoi | momydeHo B MyHKTE 1) U UMEET BHJ] —— = — = ——,
1 4 4
KOOpI[I/IHaTBI HampaBJIIOMIETO BCEKTOpPa — OTO 4YHCIa B 3HAMCHATCIIAX,

ciefoBaTenbHO: S =(1,4,~4). YpaBHenue miockoctd I mojiydeHo B MyHKTE €) U

umeer Bug X—Yy—3z+4=0. CnenoBareabHO, HOPMAJIbHBIA BEKTOP IUIOCKOCTHU

N wuMeer koopAuHaTHl paBHble KoddduimeHTam npu x, y, Z B ypaBHECHUHU
mwiockocTd, T. e. N = 14,-1,-3).
Ucnonszyem dopmyiy (3.7):

11+ 4-(-1) —4-(-3) 9

9
JET 4 (47 (D)P+ (3 VBAL 11J_ 13’

3) Beicoty nupamu bl (0Tpe3ok 4445 (puc. 1)) MOKHO ONIPEACIIUTH KaK PaCCTOSTHUE

siny = =y =arcsin
touku A4 (1, —1, 5) go mnockoctu 414,43 110 hopmyie (3.6).
A1A5A3. X—y—-32+4=0.

Touka 44 (1, -1, 5).
B ypaBHEHHE IIOCKOCTH BMECTO X, V, Z TOJCTaBUM KOOPAWHATBHI A4 U

HOAETINM | N1| :

_ P-(-0)-35+4] [+1-15+4] |9 _

h= =
AR JP + (1) +(=3)? NN \/_




Kparkue cBeienus U3 Teopum npeaeaoB GyHKUNH

Yucno A HaspBawT npedenom @yukyuu f(X) mpm X—>X, (u mumyt

lim f(x)=A), eciu mns moboro € >0 Haiigercs yucio O >0, 3aBucsIee OT €,
X—>Xp

Takoe, YTO I BCEX X#X;, YAOBICTBOPAIOIMX YCIOBUIO  |X—Xo|<3,
BBIIIOJIHSETCS HEPABEHCTBO | f(x)— A| <E.

Oynkuus o(X) HazbBaetcs Oeckoueuno manou (0.m.p.) mpu X —> X, (
X —> o0), ecim Iimoc(x):O( |ima(x)=o).
X—>Xp X—00

®Oynakuus f(X) HazpBaercs Oeckoneuno Gonvuwou (0.06.9.) mpu X — X, (
X — ), eciu s moooro M>0 nHaiinércs unciao O >0, 3aBucsiee ot M, Takoe,

qTo JJIsI BCEX X # XO y YAOBJCTBOPAKOIIUX YCJIIOBHIO |X - XO| < 8, 6y,ueT BCPHO

nepaseHcteo | f (X)|>M ( lim f (x) = oo).
X=X,

Ecmm ou(X) ect 6. M.¢. ipu X = X, (mmm X — 00), To ¢pyHkuus f(X) = 1

a(X)

sBisiercst 0. 0., u obpartHo, eciu f(X) 6.6.¢. mpu X — X, To a(X) =

SBIISICTCS
f(x)

0.M.0.

Eciu a(X) u B(X) 06.M.¢p. mpu X — X, (X —>0), TO YTOOBI CPABHUTH UX,

a(x)

HY)KHO BBIYHCIIUTH TIpeiest uX oTHomeHus. [Tyctp  lim m =k. Torna:
X—Xg X

npu K =0 o(X) Ha3piBaeTcs 0.M. 00JIe€ BRICOKOTO MOPsIKAa MaIoCTH, yeM [B3(X) ;
npu 0<k <o a(X) u B(X) ogHOrO MOpPSIIKA MAIOCTH;
npu K =00 o(X) Gosee HU3KOTO MOpsiaKa MaIoCcTH, yeM B(X) .

Ecmu k=1, to 6.m.p. a(X) u PB(X) Ha3BIBAIOTCS IKEUBALCHMHBIMUL
a(x) ~ B(X).

[Ipenen otHomieHus nByX O.M.. HE HM3MEHHTCS, €CIM KaXaylo O0.M..

3aMCHUTDb Ha OKBUBAJICHTHYIO.



[Tpumepb! SkBUBaNIEHTHBIX 0.M.¢. ipu o(X) — 0
o (X) ~sino(x) ~ tgau(x) ~arcsin ou(x) ~
~arctgo(x) ~ e*® —1~a*“® —1~Ina~In(L+ a(X)).
Teopemsl 0 npeaenax:

1. limc=c (c=const).

X—Xg

2. Ecmu lim f(x)=A, limop(x)=B, to:
X—Xg X—Xg

Im(f (x) £ o(x)) = lim 1 (x) £ lim(x) = A+ B;

lim(f (x)-p(x))=lim f (x)-lime(x) = A-B;
X—>Xg X—=>Xo X—Xo

lim f (x)
imtX) _oe A g
x% @o(x) lime(x) B
. . . sinX
Iepewiil 3ameuamenvhviii npeoer. Img— =1.
x—0 X

Bmopoii 3ameuamenvuwiii npeden (uucno e =2,718...):

lim@1+1/x)* =e wm lim(l+ y)"Y =e.

X—>0 y—0

Yto0b! HaiiTH mpeaen deMentapaoi Gynkimu lim f (X), HyxHO npeaensHOe
X—Xg

3HAYEHHE apryMEHTa TOJICTaBUTh B (DYHKIIMIO W mocuuTarh. lIpu 3ToMm, ecimu x=x,
MPUHAJICKUT OO0JIACTH OmpeneieHrs (QYHKIMH, TO 3HA4YeHUE IMpenena Oyxaer
HaMIEHO, OHO PAaBHO 3HAYCHUIO (PYHKIIMU B TOUKE X=Xo. | [py BBIYHMCIICHUN TPEIEIIOB

TIOJIC3HO MCIIONB30BaTh CleayroIe cooTHomenus. Ecim ¢ =const, ¢#0, C# oo,

TO, YYUTHIBas CBOMCTBA 0.0. 1 6.M. PyHKIIMH, TOTyIUM:

0 C o0 - o
— >0, = —>ow; ——>w; cw—>00,c0—->0; a*—>0,eciml<a<la” — o, ecmm a>1.

C 0 C
Cnyqan, B KOTOpBIX IIOACTAHOBKA npez[enLHoro 3HAUCHUA apryMeHTa
B (YHKIMIO HE JlaeT 3HA4YCHUs Tpejeiia, Ha3bIBAIOT HEOINPEICIEHHOCTIMM;

K HUM OTHOCATCA HCOIIPCACIICHHOCTH BUAOB!

(gj (gj (00); (o0 —a0); (17); (2°); (0°).



YcTpaHuth HEONMPEAENICeHHOCTh MOKHO C TMOMOIIBIO — alreOpandeckux

npeoOpa3oBaHUil WK UCTIONB3Ys npaBuiio Jlomuras.

Ilpasuno Jlonumana. Ilpenen oTHOIIEHUS IBYX O.M. (%j i 6.0. (f)
o0

GyHKUMA paBeH TMpeieny OTHOIICHHWS WX MPOU3BOAHBIX (KOHEUYHOMY WM

OECKOHEYHOMY ), €CJIU TIOCIEIHUMN CYILECTBYET:

f) . F(x)

lim——==lim—-—=.
X—%g (P(X) X% (X)

Yrobpl  wucnonp3oBaTh  npaBwio  Jlomurtans il pacKpbITUSA

(5.1)

HEOIPENENEHHOCTEN IPYIrUX THUIIOB, BBIPAXEHHE IO 3HAKOM IpeJena CilexyeT
npeoOpa3oBaTh  3JEMEHTAPHBIMU  ClOcoO0aMU  Tak,  4YTOObI  MOJYYUTh

HEOMPEACICHHOCTh (6) WJIn (SJ 1 3aTeM UCIOJb30BaTh hopmyiy (5.1).
o0

3aganue S. Haitu npenpensl, ucnosb3ys npaBuiao Jlonurans wnu

QJICMCHTAPHBIC CITOCOOBI PACKpPBITHUA HGOHpeHeHéHHOCTGﬁI

3 _ 2 -
2) IIm4x j2x 3; 6) lim 2x2 +15x+7; . “mz «/4+x.
X—>00 X+ 6 x>-7 X°+5x-14 X0 tg5X
Pewienue.

a) IloacraBisst B yHKITUIO BMECTO X TPEICIBHOE 3HAUYCHHUE 00, OTIPEIACIIMM
npeacia YUCINTCIIA U SHAMCHATCIIA.
i . 2 3 2 3
lim(4x® +2x—3) = I|mx3(4+—2——3 =w4d=00, T.k. ——>0, = —>0.
X—>00 X—>00 X X X X

Amnanoruuno: lim(x* +6) =oo.

X—»00

Nmeem HEONIPENEIEHHOCTh BUIA (fj . Ucnionp3yem nipaBuio Jlonurans:
o0

AP +2x—-3 . (4x*+2x=3) . 12x°+2 (oo
lim————=Iim > —=lim——=| — |=

x>0 X°+6 x>» (X + 6) x>0 2X e

2 '
im 32X 22X o
X—>0 (2)()’ x—o D X—>0

_ 2X*+15x+7 . 2(-7)*+15(-7)+7 (O
6) lim — = lim 5 == |=
x>7 X°+5x—-14 x> (-7)"+5(-7)-14 0



_im (2x2 +15x +7)’ _qim&X+15 . 4(-7)+15 13 13
o (x> +5x—14) =7 2x+5 =7 2(-7)+5 -9 9

6) lim2= YA+ X _jim2=v4+0 :(%j _ ling(z_— VA+X) _

x>0 tghx 0 tg(50) (tg5x)’
1 -1/2
—Iim_(4+X) _[im =08 ’BX .. 1 =C0s “(50) _ —1
x50 5 x>0 10«/4+x i 104+0
cos”5x
3ameuaHue. ECJIH, IIPpUMCHUB IIPABUIIO .HOI'[I/ITaJIH, CHOBa TIIOJIYYHIIHA
HCOIIPCACICHHOCTD (6) HJIn (2)’ TO CHOBaA IPUMCHACM IIpaBHUJIO A0 TCX II0P,
o0

IIOKa HCOHpGHGJ’IéHHOCTL HC 6y,[[€T PaCKpLhITa.

Teopernueckue BONpPoOCHI

Jluneitnaa anzeopa. Bekmopuas anzeopa.
[ToHsiTHE MATPHUIIBI, TUIIBI MATPUIL
2. Omnepauuu ¢ MaTpuLaMu (CI0KEHUE, YMHOKEHUE HA YUCIIO, YMHOKEHHUE
MaTpHIbl Ha MaTpUILy, TpaHCHOPTUpOBaHUE MaTpuil). CBOMCTBA ONepalui.
OnpenenuTeny MaTpull, UX CBOWCTBA.
Pa3noxenue onpenenuresns mno 3JIeMeHTaM J000il CTPOKHU, CTOJIONA.
OOparnas marpuna. Kpurtepuii ee cymectBoBanus U popmyia s
BBIUHCIICHHS.
6. Cuctembl MuHEHHBIX anreOpandeckux ypauenui (CJIAY).
7. CoBMecTHBIC, HECOBMECTHBIC, OIIpeielicHHbIC, HeonpeaeneHupie CJIAY.
8
Q.

=

B W

o1

. ®opmyinsl Kpamepa nns pemenus CIIAY.

Martpuunsiii merop pemenust CJIAY.

10.MuHOp MaTpuIlbl, paHT MATPHUIIHI.

11.2OnemeHTapHbIe MPpeoOpa30BaHMs MATPUIl, SKBUBAJICHTHBIC MATPHUIILI U UX
paHru.

12.JInHEHO 3aBUCHUMBIE, THHEWHO HE3aBUCHMbBIC CTPOKH MaTpuIlbl. Kpurtepwmii
JIMHENHOW 3aBUCUMOCTH.

13.Kputepuii coBmectHoctu CJIAY Kponekepa-Kanemnnu.

14 Meton INaycca pemennst CJIAY. bazucHblil MUHOp, Oa3UCHBIE U CBOOOIHBIE
nepeMenHble CJIAY.

15.TToHsiTHE N-MEPHOTO BEKTOPA, ONEPALIN C BEKTOPAMH.

16.JIuneiiHoe apumMeTHIeCKOe BEKTOPHOE IPOCTPAHCTRO.

17.JIuneliHo 3aBUCHMas U HE3aBUCHUMAas cUCTeMa BeKTOpoB. Kpurepuii
JIMHEWHOMN 3aBUCHUMOCTH CUCTEMBI BEKTOPOB.

18.n-mepHOE eBKINI0BO MpocTpancTBO EN. CkansipHOE npou3BeneHue B E3, ero
CBOMCTBA. MEXaHUUYECKHUIN CMBICIT CKAJISIPHOTO IPOU3BEICHHS, MOYJIb
BEKTOpA, HAPABJIECHUE KOCUHYCHI BEKTOPA.



19.11poekiusi BEKTOpa Ha BEKTOP, OPTOTOHAIILHBIE, KOJUTUHEAPHBIE,
KOMILJIAHAPHBIEC BEKTOPBHI.
24. BeKTOp Kak HampaBJICHHbIA OTpe30K. J[ekapTOB IpsIMOYIrOJIbHBIN Oa3uc u
JI€KapTOBa NPSIMOYTOJIbHASL CUCTEMA KOOPAMHAT ([I.11.C.K. ).

25. Paguyc-BeKTOp TOUYKH, KOOPJAUHATHI TOYKHU B JI.I1.C.K.

26. BexTopHoe mpowm3BeeHNe BEKTOPOB B E3, €r0 CBONCTBA, MEXaHWYECKUN

CMBICIL.

27. CMelaHHOe MPOU3BEACHUE BEKTOPOB B E3, €T0 CBOMCTRBA.

28. Yca0BUS OPTOrOHAJIBHOCTH, KOJUIMHEAPHOCTH, KOMILJIAHAPHOCTH BEKTOPOB

B E3.

Ananumuueckan zeomempusn

1. ITonsiTHe ypaBHEHUSI TEOMETPUUECKOTO 00pa3a.
2. IlnockocTh, HOPMAJIBHBIMA BEKTOP IUIOCKOCTH. OOIlee ypaBHEHUE INIOCKOCTH U
€r0 YaCTHBIE CITy4YaH.
3. Yronm Mexay IUIOCKOCTSIMH, YCIOBHE NEPICHINUKYISPHOCTH U MAPAJLIEIbHOCTH
MJIOCKOCTEH, PACCTOSIHHE OT TOYKH JI0 TUIOCKOCTH. [imockocTth B £n, N>3.
4. TIlpsmas B £E; ee Hanpasiusomuil Bekrop. OOmuMe, KaHOHUYECKHE,
napamMeTpUYECKUe YpaBHEHHUs MPSAMOM. JIyd U OTpe3oK.
5. Yron wmexny mnpsameiMu B FEz.  llepnengukynspHbele, nDapaielbHbIE,
NIEPECEKAOIINECS U CKPEIIMBAOLIMECS MpsMbIE. PaccTosiHUE OT TOUKHU 10 MPSAMOK
B Es3. [psimast, my4 u oTpe3ok B £n, n>3.
6. Yrom wMexay nOpAMOM M IUIOCKOCTBIO, YCIOBHA NApAJUIEIBHOCTH MU
NEPHEHANKYJIIPHOCTH MNPsAMOM M IUIOCKOCTH. Todka mepeceyeHus NOpsIMOA M
IJIOCKOCTH, TPUHAJIEKHOCTD IPSIMOM IIIIOCKOCTH.
7. IlpsiMast Ha IUIOCKOCTH, KaK YacTHBIM Ciydyald NpsMOM B FE3 M Kak JIMHUA
MepeCcedYeHuUs IOCKOCTH C TIOCKOCThI0 OXYV.
8. YpaBHeHUE NPsIMON HA MIIOCKOCTH € YTIIOBBIM KO3(P(ULIUEHTOM.

Beeoenue ¢ ananus
1. ®yHKIIMS OAHOMN MepeMEHHO, crocoObl 3a1anrsa. OCHOBHBIE 2JIEMEHTAPHBIC
¢bynkuuu, ux rpapuku. CnoxHas QyHKIHS.
2. Ilpenen pyHKIUU.
3. beckoneuno manas GyHKIIMS U €€ CBONCTBA.
4. beckoHeyHo OoJbInast QyHKIMS, CBS3b C OECKOHEUHO MaJIOM.
5. OcHOBHBIE TEOPEMBI O TIpenenax PYHKIUU (KpUTepUil CyIIIeCTBOBAHUS TIpeiena,
€UHCTBEHHOCTh, IPEIEII CYMMBbI, TPOU3BEACHUS, YACTHOTO).
6. I[IepBrIii 1 BTOPOM CHIELUATBHBIE TIPEIEIIBI.
7. CpaBHEeHHE 0€CKOHEUHO MaJbIX (PYHKITUH.
8. HenpepbhIiBHOCTH (PYHKIIUM B TOUKE, HA MHTEpBaJie, oTpe3ke. OCHOBHBIE
TEOPEMBI O HEMPEPHIBHBIX (YYHKIUAX (HEMPEPHIBHOCTH OCHOBHBIX JIEMEHTAPHBIX
GyHKIINN, CITOKHON (PYHKITUN).



9. CnoiicTBa (GyHKIUNA HEMPEPHIBHBIX HA 3aMKHYTOM OTpE3Ke, a0COTIOTHBIM
KCTpEMYM (YHKIUH.
10. IIpaBuiio Jlonuras.

Y4eOHo-MeTOAUYECKHE MATEPHAJIbI U IPOrPaAMMHO-UHGPOPMALIHOHHOE

obecneyeHmne
Ne ABTOp HazBanue W3narens- | T'on | Bug | Anpec Bun
CTBO u3zaa 3JMIEKTPOH|  JIOCTYyIa
n/n n3za
HHS HOI'0
HUA pecypca
1 2 3 4 5 6 8 9
1.1 | bepmanTt Kpatkwuii kypc CIIb: 2008 | Yue
A.D., Marematudeckoro | JlaHp oHoe
ApamaHOBHU | aHaJIHM3a 110CO
g U.T. Oue
1.2 Brnagumupc | MaremaTtuka CIIo: 2008 | yueb
knit b.M., 001t Kypc Jlanb HUK
TI'opcTko
1.3 | Hanko ILE. | Beicmas M.: 2015 | YVue
IToroB A.I'. | maTemaTuKka B Mup u 2009 | 6HOC
YIPaKHEHUSX U 06- 2008 | moco
3amayax. Y.1 pazoBanue | 2007 | Oue
1.4 | Hanko ILE. | Beicmas M.: 2015 | YVue
IlommoB A.I'. | MaTeMaTHKa B OHUMKC: | 2009 | 6Hoe
YIPaKHEHHSIX U Mup u 2008 | moco
3amauax. 4.2 06- 2007 | oue
pa3oBaHUe
2.1 [Munay€és | Beicias M: FOpaiit | 2011 | Vye
B.C. MaTeMaTuKa 2012 | 6HOE
I0CO
Oue
2.2 Bunenknn | Bricmras PoctoB 2011
n.B. MaTreMaTHKa: H/J1: Vue
Jluneitnas anre6pa. | denukc OHU
AnamuTtuyeckas K
TeOMETpHS.
HuddepennmanbHo
€ ¥ UHTeTpajbHOe
HCUYHCIICHHE
2.3 Bunenknn | Bricmras PoctoB 2011 | Yue
n.B. MaTeMaTHKa: H/J1: OHU
WHTETPAJIbI 110 denukc K
Mepe,
Qg depeHaIbHbI
€ YpaBHEHHUS, PSIIBI
2.4 Ky3nernoB | Maremaruka M.: 2012 | yue6 | http://ip | C  mroboit
B.T IOHUTU- HHUK | rbooksh | Touku
JAHA op.ru JIOCTyTa
JUIST



http://iprbookshop.ru/
http://iprbookshop.ru/
http://iprbookshop.ru/

aBTOPH30Ba

HHOTO
OJTb-
30BaTeIs

2.5 [TontuHHM | BeIicmas Pocros 2012 | Yue

koB B.1. MaTeMaTHKa: u//1: 11 OHOE
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